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Nomenclature

General Maths

𝑦 ≔ 𝑥 𝑦 is defined to be equal to 𝑥.

⌊𝑥⌋ The nearest integer to 𝑥 ∈ ℝ such that ⌊𝑥⌋ < 𝑥.

⌈𝑥⌉ The nearest integer to 𝑥 ∈ ℝ such that ⌈𝑥⌉ > 𝑥.

⌊𝑥⌉ The nearest integer to 𝑥 ∈ ℝ.

arctan2(𝑦, 𝑥) The angle between the positive 𝑥-axis, and the line which passes through the origin
and the point (𝑥, 𝑦).

Sets

𝑥 ∈ 𝑆 𝑥 is an element of the set 𝑆.

𝑆 ∩ 𝑇 Intersection of the sets 𝑆 and 𝑇, i.e. the set of all elements which occur in both 𝑆
and 𝑇.

ℝ Set of real numbers.

ℝ>0 Set of real numbers greater than 0.

ℝ>1 Set of real numbers greater than 1.

ℂ Set of complex numbers.

ℤ Set of integers.

ℕ0 Set of natural numbers, with 0 included.

[𝑎, 𝑏] Closed interval of 𝑎 and 𝑏:

[𝑎, 𝑏] ≔ {𝑥 ∈ ℝ|𝑎 ≤ 𝑥 ≤ 𝑏}.

(𝑎, 𝑏] Half-open interval of 𝑎 and 𝑏:

(𝑎, 𝑏] ≔ {𝑥 ∈ ℝ|𝑎 < 𝑥 ≤ 𝑏}.

[[𝑎, 𝑏]] Discrete interval of 𝑎 and 𝑏:

[[𝑎, 𝑏]] ≔ [𝑎, 𝑏] ∩ ℤ
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Vectors and Matrices

𝒂, 𝑨, 𝑎𝑚,𝑛 Vectors are denoted by bold lower-case letters. Matrices are denoted by bold upper-
case letters. Individual vector/matrix elements are denoted with lower-case letters,
with subscript indices. For example the element of matrix 𝑨 located at the 2nd row
and 3rd column is denoted 𝑎2,3.

⟨𝒂, 𝒃⟩, ⟨𝑨, 𝑩⟩ Euclidian inner product between two vectors 𝒂, 𝒃 ∈ ℂ𝑀 or matrices 𝑨, 𝑩 ∈ ℂ𝑀×𝑁:

⟨𝒂, 𝒃⟩ ≔
𝑀

∑
𝑚=1

𝑎∗
𝑚𝑏𝑚 ⟨𝑨, 𝑩⟩ ≔

𝑀
∑
𝑚=1

𝑁
∑
𝑛=1

𝑎∗
𝑚,𝑛𝑏𝑚,𝑛.

‖𝒂‖, ‖𝑨‖ The norm, defined as:

‖𝒂‖ ≔ √⟨𝒂, 𝒂⟩ ‖𝑨‖ ≔ √⟨𝑨, 𝑨⟩.

𝑨 ⊙ 𝑩 The Hadamard (element-wise) product of 𝑨, 𝑩, two matrices with the same shape.

𝒂 ⊗ 𝒃 The outer product of 𝒂 ∈ 𝔽𝑚 and 𝒃 ∈ 𝔽𝑛, yielding the matrix 𝑪 ∈ 𝔽𝑚×𝑛, with

𝑐𝑖, 𝑗 = 𝑎𝑖𝑏𝑗

∀𝑖 ∈ [[1, 𝑚]], ∀𝑗 ∈ [[1, 𝑛]].

Other Symbols

⋅(𝑑) Dimension index. 𝑑 = 1 refers to the indirect dimension of the 2DJ experi-
ment/dataset, while 𝑑 = 2 refers to the direct dimension.

𝑁 (𝑑) Number of points in dimension 𝑑.

𝑓 (𝑑)
sw Spectral width in dimension 𝑑 (Hz).

𝑓off Transmitter offset of the 1H channel (Hz).

𝑓sfo Transmitter frequency of the 1H channel (MHz).

𝜽(𝑘) Parameter estimate at the 𝑘-th iteration of numerical optimisation.

𝜽(0) Initial parameter estimate.

𝜽(∗) Parameter estimate at convergence.
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S1 Theory Overview

S1.1 The 2DJ Signal

2DJ NMR experiments generate complex FIDs 𝒀 ∈ ℂ𝑁(1)×𝑁(2) which are assumed to obey the
following form:

𝒀 = 𝑿(𝜽) + 𝑾 , (1a)

𝑥𝑛(1),𝑛(2)(𝜽) =
𝑀

∑
𝑚=1

𝑎𝑚 exp(i𝜙𝑚) exp [(2𝜋i𝑓 (1)
𝑚 − 𝜂(1)

𝑚 ) (𝑛(1) − 1) 𝜏 (1)]

× exp [(2𝜋i (𝑓 (2)
𝑚 − 𝑓off) − 𝜂(2)

𝑚 ) (𝑛(2) − 1) 𝜏 (2)] ,
(1b)

ℝ6𝑀 ∋ 𝜽 = [𝑎1 ⋯ 𝑎𝑀 𝜙1 ⋯ 𝜙𝑀 𝑓 (1)
1 ⋯ 𝑓 (1)

𝑀 ⋯ 𝑓 (2)
1 ⋯ 𝜂(1)

1 ⋯ 𝜂(2)
1 ⋯ 𝜂(2)

𝑀 ] T, (1c)

where 𝑾 is a matrix of experimental noise, 𝑛(1/2) ∈ [[1, 𝑁 (1/2)]], and 𝜏 (1/2) ≔ 1/𝑓 (1/2)
sw is the dwell

time in dimension (1/2).

The parameter vector 𝜽 comprises the following elements, which describe the FID’s 𝑀 constituent
signals:

• Amplitude 𝑎𝑚 ∈ ℝ>0,

• Phase 𝜙𝑚 ∈ (−𝜋, 𝜋],

• Frequency in the indirect dimension 𝑓 (1)
𝑚 ∈ [−𝑓 (1)

sw /2, 𝑓 (1)
sw /2],

• Frequency in the direct dimension 𝑓 (2)
𝑚 ∈ [𝑓off − 𝑓 (2)

sw /2, 𝑓off + 𝑓 (2)
sw /2]

• Damping factor in each dimension 𝜂(1/2)
𝑚 ∈ ℝ>0

S1.2 Newton’s Method

The method used in NMR-EsPy to estimate 𝜽 closely resembles the 1D method that has been
presented previously [1, Chapter 2; 2]. In brief, a parsimonious set of parameters is sought which
minimises the cost function ℱ(𝜽|𝒀 ) ∶ ℂ𝑁(1)×𝑁(2) × ℝ6𝑀 → ℝ, defined as

ℱ(𝜽|𝒀 ) = ‖𝒀 − 𝑿(𝜽)‖2 + Var(𝝓) ≡ ⟨𝒀 − 𝑿(𝜽), 𝒀 − 𝑿(𝜽)⟩ + Var(𝝓). (2)

Var(𝝓) denotes the circular variance of signal phases (vide infra). The cost function is minimised
using numerical optimisation; specifically, the method adopted here is a trust-region algorithm,
using a truncated conjugate-gradient approach commonly called the Steihaug-Toint method [3,
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Chapters 4 & 7] (see also Algorithms S1 and S2, Pages S36 and S37). The routine approximates
the cost function as quadratic about the parameter estimate at each iteration 𝑘, and therefore the
gradient ∇ℱ(𝜽(𝑘)|𝒀 ) ∈ ℝ6𝑀 and Hessian ∇2ℱ(𝜽(𝑘)|𝒀 ) ∈ ℝ6𝑀×6𝑀 of the cost function are required:

ℱQ(𝜽|𝒀 ) = ℱ(𝜽(𝑘)|𝒀 ) + 𝒉T∇ℱ(𝜽(𝑘)|𝒀 ) + 1
2

𝒉T∇2ℱ(𝜽(𝑘)|𝒀 )𝒉, (3a)

[∇ℱ(𝜽|𝒀 )]𝑖 = −2Re⟨𝒀 − 𝑿(𝜽), 𝜕𝑿(𝜽)
𝜕𝜃𝑖

⟩ + 𝜕Var(𝝓)
𝜕𝜃𝑖

, (3b)

[∇2ℱ(𝜽|𝒀 )]
𝑖, 𝑗

= 2Re(⟨𝜕𝑿(𝜽)
𝜕𝜃𝑖

, 𝜕𝑿(𝜽)
𝜕𝜃𝑗

⟩ − ⟨𝒀 − 𝑿(𝜽), 𝜕2𝑿(𝜽)
𝜕𝜃𝑖𝜕𝜃𝑗

⟩) + 𝜕2 Var(𝝓)
𝜕𝜃𝑖𝜕𝜃𝑗

, (3c)

∀𝑖, 𝑗 ∈ [[1, 6𝑀]], with 𝒉 = 𝜽 − 𝜽(𝑘) and

𝜕𝑿(𝜽)
𝜕𝜃𝑖

≔

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜕𝑥1,1

𝜕𝜃𝑖

𝜕𝑥1,2

𝜕𝜃𝑖
⋯

𝜕𝑥1,𝑁(2)

𝜕𝜃𝑖
𝜕𝑥2,1

𝜕𝜃𝑖

𝜕𝑥2,2

𝜕𝜃𝑖
⋯

𝜕𝑥2,𝑁(2)

𝜕𝜃𝑖
⋮ ⋮ ⋱ ⋮

𝜕𝑥𝑁(1),1

𝜕𝜃𝑖

𝜕𝑥𝑁(1),2

𝜕𝜃𝑖
⋯

𝜕𝑥𝑁(1),𝑁(2)

𝜕𝜃𝑖

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (4a)

𝜕2𝑿(𝜽)
𝜕𝜃𝑖𝜕𝜃𝑗

≔

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜕2𝑥1,1

𝜕𝜃𝑖𝜕𝜃𝑗

𝜕2𝑥1,2

𝜕𝜃𝑖𝜕𝜃𝑗
⋯

𝜕2𝑥1,𝑁(2)

𝜕𝜃𝑖𝜕𝜃𝑗
𝜕2𝑥2,1

𝜕𝜃𝑖𝜕𝜃𝑗

𝜕2𝑥2,2

𝜕𝜃𝑖𝜕𝜃𝑗
⋯

𝜕2𝑥2,𝑁(2)

𝜕𝜃𝑖𝜕𝜃𝑗

⋮ ⋮ ⋱ ⋮
𝜕2𝑥𝑁(1),1

𝜕𝜃𝑖𝜕𝜃𝑗

𝜕2𝑥𝑁(1),2

𝜕𝜃𝑖𝜕𝜃𝑗
⋯

𝜕2𝑥𝑁(1),𝑁(2)

𝜕𝜃𝑖𝜕𝜃𝑗

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (4b)

S1.2.1 Model Derivatives

The complete set of expressions for all first and second derivatives of the model elements 𝑥𝑛(1),𝑛(2)

are as follows ∀𝑛(1/2) ∈ [[1, 𝑁 (1/2)]], ∀𝑚 ∈ [[1, 𝑀]], ∀𝑖, 𝑗 ∈ [[1, 6𝑀]], ∀𝑑, 𝑑′ ∈ {1, 2}:

First derivatives

𝜕𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚
≡

𝜕𝑥𝑛(1),𝑛(2)

𝜕𝑎𝑚
=

𝑥𝑛(1),𝑛(2)

𝑎𝑚
, (5a)

𝜕𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚+𝑀
≡

𝜕𝑥𝑛(1),𝑛(2)

𝜕𝜙𝑚
= i𝑥𝑛(1),𝑛(2) , (5b)
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𝜕𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚+(𝑑+1)𝑀
≡

𝜕𝑥𝑛(1),𝑛(2)

𝜕𝑓 (𝑑)
𝑚

= 2𝜋i𝜏 (𝑑)𝑛(𝑑)𝑥𝑛(1),𝑛(2) , (5c)

𝜕𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚+(𝑑+3)𝑀
≡

𝜕𝑥𝑛(1),𝑛(2)

𝜕𝜂(𝑑)
𝑚

= −𝜏 (𝑑)𝑛(𝑑)𝑥𝑛(1),𝑛(2) . (5d)

Second Derivatives

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃2
𝑚

≡
𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝑎2
𝑚

= 0, (6a)

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚𝜕𝜃𝑚+𝑀
≡

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝑎𝑚𝜕𝜙𝑚
=

i𝑥𝑛(1),𝑛(2)

𝑎𝑚
, (6b)

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚𝜕𝜃𝑚+(𝑑+1)𝑀
≡

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝑎𝑚𝜕𝑓 (𝑑)
𝑚

=
2𝜋i𝜏 (𝑑)𝑛(𝑑)𝑥𝑛(1),𝑛(2)

𝑎𝑚
, (6c)

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚𝜕𝜃𝑚+(𝑑+3)𝑀
≡

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝑎𝑚𝜕𝜂(𝑑)
𝑚

=
−𝜏 (𝑑)𝑛(𝑑)𝑥𝑛(1),𝑛(2)

𝑎𝑚
, (6d)

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃2
𝑚+𝑀

≡
𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜙2
𝑚

= −𝑥𝑛(1),𝑛(2) , (6e)

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚+𝑀𝜕𝜃𝑚+(𝑑+1)𝑀
≡

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜙𝑚𝜕𝑓 (𝑑)
𝑚

= −2𝜋𝜏 (𝑑)𝑛(𝑑)𝑥𝑛(1),𝑛(2) , (6f)

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚+𝑀𝜕𝜃𝑚+(𝑑+3)𝑀
≡

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜙𝑚𝜕𝜂(𝑑)
𝑚

= −i𝜏 (𝑑)𝑛(𝑑)𝑥𝑛(1),𝑛(2) , (6g)

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚+(𝑑+1)𝑀𝜕𝜃𝑚+(𝑑′+1)𝑀
≡

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝑓 (𝑑)
𝑚 𝜕𝑓 (𝑑′)

𝑚
= −4𝜋2 (𝜏 (𝑑)𝑛(𝑑)) (𝜏 (𝑑′)𝑛(𝑑′)) 𝑥𝑛(1),𝑛(2) , (6h)

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚+(𝑑+1)𝑀𝜕𝜃𝑚+(𝑑′+3)𝑀
≡

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝑓 (𝑑)
𝑚 𝜕𝜂(𝑑′)

𝑚
= −2𝜋i (𝜏 (𝑑)𝑛(𝑑)) (𝜏 (𝑑′)𝑛(𝑑′)) 𝑥𝑛(1),𝑛(2) , (6i)

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑚+(𝑑+3)𝑀𝜕𝜃𝑚+(𝑑′+3)𝑀
≡

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜂(𝑑)
𝑚 𝜕𝜂(𝑑′)

𝑚
= (𝜏 (𝑑)𝑛(𝑑)) (𝜏 (𝑑′)𝑛(𝑑′)) 𝑥𝑛(1),𝑛(2) , (6j)

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑖𝜕𝜃𝑗
=

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑗𝜕𝜃𝑖
, (6k)

𝜕2𝑥𝑛(1),𝑛(2)

𝜕𝜃𝑖𝜕𝜃𝑗
= 0 if not specified above. (6l)
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S1.2.2 Variance of Phases

Oscillator phases are an example of a circular variable, since all values are periodic within the
interval (−𝜋, 𝜋]. It is necessary that a definition of variance which accounts for this periodicity is
used. The circular variance is defined as [4, Chapter 3]

[0, 1] ∋ Var(𝝓) = 1 − 𝑅
𝑀

, (7a)

𝑅 = √𝑐2
𝛴 + 𝑠2

𝛴, (7b)

𝑐𝛴 =
𝑀

∑
𝑚=1

cos𝜙𝑚, (7c)

𝑠𝛴 =
𝑀

∑
𝑚=1

sin𝜙𝑚. (7d)

The first and second derivatives of the circular variance are given by

𝜕Var(𝝓)
𝜕𝜃𝑖

=
⎧{
⎨{⎩

𝜉𝑖
𝑀𝑅

𝑀 < 𝑖 ≤ 2𝑀

0 otherwise
(8a)

𝜕2 Var(𝝓)
𝜕𝜃𝑖𝜕𝜃𝑗

=

⎧{{{
⎨{{{⎩

1
𝑅𝑀

( 𝜉2
𝑖

𝑅2 + cos𝜙𝑖−𝑀𝑐𝛴 + sin𝜙𝑖−𝑀𝑠𝛴 − 1) 𝑀 < 𝑖, 𝑗 ≤ 2𝑀, 𝑖 = 𝑗

1
𝑅𝑀

(
𝜉𝑖𝜉𝑗

𝑅2 − cos (𝜙𝑖−𝑀 − 𝜙𝑗−𝑀)) 𝑀 < 𝑖, 𝑗 ≤ 2𝑀, 𝑖 ≠ 𝑗

0 otherwise

, (8b)

𝜉𝑖 = sin𝜙𝑖−𝑀𝑐𝛴 − cos𝜙𝑖−𝑀𝑠𝛴. (8c)

S1.2.3 Approximating the Hessian

Computation of the Hessian matrix (Equation 3c) is expensive, with one of the most demanding
aspects being generating all the 21𝑀𝑁 (1)𝑁 (2) second derivatives required [1, Section 2.4.2]. The
default behaviour in NMR-EsPy is to approximate the Hessian matrix by neglecting the term
involving model second derivatives, i.e.

[∇2ℱ(𝜽|𝒀 )]
𝑖, 𝑗

= 2Re⟨𝜕𝑿(𝜽)
𝜕𝜃𝑖

, 𝜕𝑿(𝜽)
𝜕𝜃𝑗

⟩ + 𝜕2 Var(𝝓)
𝜕𝜃𝑖𝜕𝜃𝑗

, (9)

While more iterations are typically necessary for the optimiser to reach convergence when this
approximation is invoked, each iteration is considerably faster than its exact counterpart. The total
time required to converge is often far shorter for this reason.
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S1.2.4 Standard Errors

The standard errors associated with each parameter in the final result 𝜽(∗) can be estimated using [1,
Section A.2.2; 5, Section 2.7]

𝝐 (𝜽(∗)) = √ℱ(𝜽(∗)|𝒀 )diag ([∇2ℱ(𝜽(∗)|𝒀 )]−1)
𝑁 (1)𝑁 (2) − 1

. (10)

S1.3 Generating an Initial Guess

Numerical optimisation requires the specification of an initial parameter guess 𝜽(0) which is suffi-
ciently close to a (local) minimum of the cost function for successful application. In NMR-EsPy,
the MMEMPM—an extension of the 1D MPM [6] for 2D data— is employed [1, Section 2.2.2; 7;
8] (see Algorithm S3). One of the central steps in the MMEMPM is the application of SVD on a
block-Hankel matrix featuring the points in 𝒀 (Lines 2 to 7 in Algorithm S3). Applying a complete
SVD on such a large matrix—with approximate size 𝑁(1)𝑁(2)/4 × 𝑁(1)𝑁(2)/4—is extremely computa-
tionally expensive. Given that it is only necessary to determine the 𝑀 most significant components
of the SVD (for typical 2DJ datasets, 𝑀 ≪ 𝑁(1)𝑁(2)/4), it is more efficient to compute the truncated
SVD of the block-Hankel matrix, by using an iterative approach such as the Arnoldi iteration [9].
This is provided by the scipy.sparse.linalg.svds function present in the SciPy library [10].

Prior to applying the MMEMPM, an estimate of the number of constituent signals 𝑀 in the 2DJ
FID is required. It is desirable to predict 𝑀 using an unbiased criterion that doesn’t rely on user
intervention. The MDL criterion has found wide favour for use in signal processing applications [11;
12; 13]. It would be ideal to apply the MDL on the entire 2DJ dataset. However, this would require
a complete SVD to be performed on the large block-Hankel matrix (vide supra). As an inferior
though more efficient alternative, an estimate of 𝑀 can be obtained by applying the MDL on the
first direct-dimension FID in the dataset, as outlined in Algorithm S4. This 1D FID is equivalent
to an FID produced using a simple pulse-acquire experiment (consider Equation 1b with 𝑛(1) = 1).
Signals with very similar frequencies in the direct dimension—regardless of the extent of their
separation in the indirect dimension—will be heavily overlapping and hard to resolve when the
MDL is applied on the 1D FID. In cases where the 2DJ dataset is so densely populated with signals
that applying this approach is ineffectual (the 17β-estradiol example an example) the user is able
to provide a hard-coded prediction of 𝑀 as a fallback.

One serendipitous feature in using the first direct-dimension FID for model order prediction relates
to the impact on strong coupling artefacts. In pulse-acquire datasets, the effect of strong coupling
is to augment particular signals; this phenomenon is commonly referred to as “roofing”. Crucially,
distinct signals do not manifest in pulse-acquire datasets on account of strong coupling effects, as
they do in 2DJ datasets. As a result, the MDL often returns predictions of 𝑀 which agree with
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the number of first-order∗ signals in the 2DJ dataset, rather than the combined total of first-order
signals and strong coupling artefacts. Since strong coupling artefacts tend to be lower in intensity,
application of the MMEMPM—which provides a prediction of the 𝑀 most significant components
in the data—often leads to these being neglected from the final parameter estimate, such that their
influence is suppressed in the final pure shift spectrum. It should be appreciated that this concept
is not infallible; there are results presented here where strong coupling artefacts were incorporated
into the final parameter estimate.

S1.4 Frequency Filtration

N.B. The filtering procedure described in this section was used in the generation of all results presen-
ted in this work. However in retrospect, a more straightforward method of applying a rectangular
filter, and slicing the filtered spectrum exactly at the filter boundaries would likely yield sub-FIDs
with the same information content, without the requirement to incorporate synthetic noise into the
filtered dataset. See Algorithm S6 for details.

Application of the described method on complete 2DJ signals is very computationally expensive.
The features which have the greatest influence on computational cost are the number of datapoints
the FID comprises (𝑁 (1) and 𝑁 (2)), and the number of oscillators being used to parameterise the
FID (𝑀); a detailed illustration of this is provided in [1, Section 2.4]. These can both be reduced
considerably by breaking the full FID into a series frequency-filtered sub-FIDs, comprising the
regions that are of interest to the user. For 2DJ datasets, filtering is only applied in the direct
dimension, as the indirect dimension tends to be densely populated. The filtration procedure used
in NMR-EsPy involves the following steps:

1. Formation of a virtual echo ̂𝒀 ∈ ℂ𝑁(1)×2𝑁(2) along the direct dimension[15; 16]:

̂𝒚𝑛(1) = [Re (𝑦𝑛(1),1) 𝑦𝑛(1),2 ⋯ 𝑦𝑛(1),𝑁(2) 0 𝑦∗
𝑛(1),𝑁(2) 𝑦∗

𝑛(1),𝑁(2)−1 ⋯ 𝑦∗
𝑛(1),2] (11)

2. FT of ̂𝒀 in the direct dimension, to yield ̂𝑺 ∈ ℝ𝑁(1)×2𝑁(2) . By design, the FT of a virtual echo
yields a spectrum with an imaginary component of zeros, which is discarded.

3. Application of a super-Gaussian filter, and the addition of Gaussian White noise, whose
variance is dependent on the magntiude of the filter at each point (see Figure S3):

̃𝑺 = ̂𝑺 ⊙ 𝑮 + 𝑾𝜎2 ⊙ (𝟏 − 𝑮), (12a)

𝑔𝑛(1),𝑛(2) = exp(−2𝑝+1 (𝑛(2) − 𝑐
𝑏

)
𝑝
) , (12b)

∗The term first-order is used here to refer to signals that are expected to be present in a 2DJ dataset when the
weak-coupling approximation is invoked [14, Sections 14.5.1 & 17.6].
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∀𝑛(1) ∈ [[1, 𝑁 (1)]], ∀𝑛(2) ∈ [[1, 2𝑁 (2)]]. 𝑾𝜎2 ∈ ℝ𝑁(1)×2𝑁(2) is a matrix of independent random
samples from a normal distribution of mean 0 and variance 𝜎2, with 𝜎2 being the noise variance
of ̂𝑺. The noise variance is obtained by extracting the variance of a region in ̂𝑺 in which no
discernible signals exist. 𝑐 ∈ [[1, 2𝑁 (2)]] is the index of the center of the region to be filtered.
𝑏 ∈ [[1, 2𝑁 (2)]] is the bandwidth of the filter (i.e. the number of points the filter region spans).
𝑝 ∈ ℝ>0 is a factor which dictates the steepness of the filter’s edges; larger values of 𝑝 make
the super-Gaussian more box-like. This has been set to 40 for all results in this paper, and it
is the default in NMR-EsPy.

𝑐 and 𝑏 need to be derived from the left and right bounds of the spectral region of interest which
will typically be given in ppm: (𝑙ppm, 𝑟ppm). Conversion from ppm (𝑓ppm) to the corresponding
spectrum index (𝑓idx) is achieved through

𝑓idx = ⌊
(𝑁 (2) − 1) (𝑓 (2)

sw + 2(𝑓off − 𝑓sfo𝑓ppm))
𝑓 (2)
sw

⌉ ∀𝑓ppm ∈ [𝑓off − (𝑓 (2)
sw /2)

𝑓sfo
, 𝑓off + (𝑓 (2)

sw /2)
𝑓sfo

]

(13)
Assuming 𝑟ppm < 𝑙ppm, 𝑐 and 𝑏 are given by

𝑐 = 𝑙idx + 𝑟idx
2

(14a)

𝑏 = 𝑟idx − 𝑙idx. (14b)

4. Removal of regions either side of the region of interest. This reduces the number of data points
the sub-FID comprises while retaining the same information about the region of interest. Using
the parameter 𝛾 > 1, spectral indices at which slicing is set to take place are given by

𝜆 =
⎧{
⎨{⎩

𝑐 − ⌊𝛾𝑏
2 ⌋ if ≥ 1

1 otherwise
, (15a)

𝜌 =
⎧{
⎨{⎩

𝑐 + ⌈𝛾𝑏
2 ⌉ if ≤ 2𝑁 (2)

2𝑁 (2) otherwise
. (15b)

A truncated spectrum ̅𝑺 ∈ ℝ𝑁(1)×(𝜌−𝜆) is then created from ̃𝑺 according to

̅𝑠𝑛(1),𝑛(2) = ̃𝑠𝑛(1),𝑛(2)+𝜆, (16)

∀𝑛(1) ∈ [[1, 𝑁 (1)]], ∀𝑛(2) ∈ [[1, 𝜌 − 𝜆]].

5. IFT of ̅𝑺, followed by scaling to account for the slicing in Item 4. The IFT on a real spectrum
produces a conjugate symmetric time-domain signal; this is truncated to the first half of points
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to yield the final sub-FID ̃𝒀 ∈ ℂ𝑁(1)×⌊(𝜌−𝜆)/2⌋:

̃𝑦𝑛(1),𝑛(2) = 𝜌 − 𝜆
𝑁 (2) [IFT ( ̅𝑺)]

𝑛(1),𝑛(2)
, (17)

∀𝑛(1) ∈ [[1, 𝑁 (1)]], ∀𝑛(2) ∈ [[1, ⌊(𝜌 − 𝜆)/2⌋]].

This filtering procedure is outlined in Algorithm S5. It is important to note that for accurate
determination of the sub-FID’s parameters, the effective spectral width and transmitter offset must
be determined (these feature in Equation 1b):

̅𝑓off = 𝑓off + 𝑓 (2)
sw
2

(1 − 𝜌 − 𝜆
2𝑁 (2) ) , (18a)

̅𝑓 (2)
sw = 𝜌 − 𝜆 − 1

𝑁 (2) − 1
𝑓 (2)
sw . (18b)

S1.5 The -45° Signal

As described in the main text, CUPID yields a pure shift spectrum from the result of 2DJ estimation
by constructing the −45° signal 𝒚−45° ∈ ℂ𝑁(2) :

𝑦−45°
𝑛 (𝜽) =

𝑀
∑
𝑚=1

𝑎𝑚 exp (i𝜙𝑚) exp ((2𝜋i (𝑓 (2)
𝑚 − 𝑓 (1)

𝑚 − 𝑓off) − 𝜂(2)
𝑚 ) (𝑛 − 1)𝜏 (2)) , (19)

∀𝑛 ∈ [[1, 𝑁 (2)]]. FT of 𝒚−45° then leads to the pure shift spectrum. The reasoning behind the name
is illustrated by Figure S4, Page S22. A pure shift spectrum can be generated by back-propagating
a hypothetical 2DJ FID with 𝑓 (1)

sw = 𝑓 (2)
sw and 𝑁 (1) = 𝑁 (2) into negative 𝜏 (1), and extracting the

main diagonal. There is a slight discrepancy between this signal and 𝒚−45°, in that the contribution
from damping in the indirect dimension, {𝜂(1)

𝑚 }, is neglected in Equation 19.

S2 Methods

S2.1 Data acquisition

S2.1.1 2DJ experiments

Four experimental 2DJ datasets are presented in this work, with two in the main text (quinine, es-
tradiol), and two in the SI, of camphor and 39mM dexamethasone, both dissolved in DMSO-d6. The
datasets were acquired on various Bruker spectrometers. In each case, jresqf, part of Bruker’s
standard pulse sequence library, was used. This comprises: 90°(𝛷1) → 𝑡(1)/2 → 180°(𝛷2) → 𝑡(1)/2 →
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𝑡(2)(𝛷rx), with the EXORCYCLE phase-cycling scheme [17]:

𝛷1 ∶ 0° 0° 0° 0°
𝛷2 ∶ 0° 90° 180° 270°
𝛷rx ∶ 0° 180° 0° 180°

Noteworthy experimental parameters are provided in Table S1, Page S30.

Spectra were formed by applying sine-bell apodisation, FT in both dimensions, and finally comput-
ing the absolute value (magnitude) of each complex point. 45°-tilt spectra of quinine (Figure 2.a
of the main text) and camphor (Figure S9.a) were produced by applying a right circular shift to
the points in the 2DJ spectra; the tilted spectrum 𝑻 ∈ ℝ𝑁(1)×𝑁(2) is related to the 2DJ spectrum
𝑺 ∈ ℝ𝑁(1)×𝑁(2) as follows:

𝑡𝑛(1),𝑛(2) = 𝑠𝑛(1),𝑛(2)′ (20a)

𝑛(2)′ = (𝑛(2) + ⌊𝑓 (1)
sw 𝑁 (2)

𝑓 (2)
sw 𝑁 (1) (𝑁 (1)

2
− 𝑛(1))⌋) mod 𝑁 (2). (20b)

S2.1.2 PSYCHE experiments

The pulse sequence used for acquisition of the estradiol PSYCHE spectrum (Figure 3.a of the main
paper) is presented in Figure S1, Page S19, where pulses, gradients, and delays are described in
detail. A pure shift spectrum was also acquired to accompany the dexamethasone example, using
the TSE-PSYCHE experiment [18]. A description of the pulse sequence is provided in Figure S2,
Page S20.

The 2D PSYCHE interferograms were transformed to 1D pure shift FIDs using the Python script
shown in Code Listing S2, Page S46.

S2.1.3 Simulated datasets

Results formed by considering simulated 2DJ datasets are also presented here. All 2DJ simulations
were performed using the Spinach Matlab library [19]. Many standard NMR experiments can
be simulated out-of-the-box in Spinach using one of the functions provided in the experiments/

directory. There isn’t one provided for the 2DJ experiment however, so an in-house function was
written for it, which is shown in Code Listing S1, Page S45.

Four Multiplets

A series of 5 2DJ datasets were simulated such that part of the spectrum comprised four heavily
overlapping ddd multiplet structures. Spin systems with 7 spins were constructed, with the spins
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separated into two different categories: 4 estimated spins (A) – (D) and 3 coupling spins (E) –
(G). The estimated spins were assigned resonance frequencies sampled randomly from a uniform
distribution with bounds −15Hz to 15Hz. Each of the estimated spins was coupled to each of the
coupling spins, with the J-values randomly sampled from a uniform distribution with bounds 1Hz
to 10Hz. Restrictions were placed on the shifts and couplings to ensure that

1. no two estimated spin resonance frequencies were separated by less than 𝑓 (2)
sw /𝑁 (2) Hz,

2. each multiplet structure did not comprise any resonances separated by less than 𝑓 (1)
sw /𝑁 (1) Hz.

The coupling spins were given resonance frequencies such that they lay far from the estimated spins
in the spectrum, to prevent the presence of strong coupling artefacts. The resonance frequencies and
couplings associated with the estimated spins are listed in Table S2, Page S31. Spin relaxation was
simulated by employing Redfield theory, assuming spherical isotropic motion with autocorrelation
time 𝜏c = 200 ps. Relevant experimental parameters provided to the simulations include: 𝑓sfo =
500MHz; 𝑓 (1)

sw = 40Hz; 𝑓 (2)
sw = 1000Hz (2ppm); 𝑓off = 0Hz; 𝑁 (1) = 128; 𝑁 (2) = 1024. Prior

to estimation, each FID was filtered using the process described in Section S1.4, using bounds of
35Hz to − 35Hz.

Strychnine

The chemical shifts and scalar couplings associated with strychnine, defined in Spinach in the file
etc/strychnine.m were used to generate another simulated 2DJ dataset. See Table S2 for a outline
of the chemical shifts and scalar couplings which contribute. Again, relaxation was simulated by
applying Redfield theory and assuming spherical isotropic motion, with 𝜏c = 200 ps. Relevant
experimental parameters provided to the simulation include: 𝑓sfo = 500MHz; 𝑓 (1)

sw = 50Hz; 𝑓 (2)
sw =

5000Hz (10ppm); 𝑓off = 2500Hz; 𝑁 (1) = 128; 𝑁 (2) = 8192.

S2.2 Result generation

All the results generated in this work used the NMR-EsPy Python package (version 2.1.0). Useful
links related to the package include:

Source code https://github.com/foroozandehgroup/NMR-EsPy

Documentation homepage https://foroozandehgroup.github.io/NMR-EsPy/

Installation instructions https://foroozandehgroup.github.io/NMR-EsPy/install.html

Tutorial https://foroozandehgroup.github.io/NMR-EsPy/walkthroughs/estimator2dj.html

API https://foroozandehgroup.github.io/NMR-EsPy/references/estimator2dj.html
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All results were produced using Jupyter Notebooks, which can be found within the code/ directory
at the DOI 10.5281/zenodo.17087135. The results were generated on a workstation with an Intel®
Core™ i9-7920CPU @ 2.9GHz. Useful metrics for each result, including timings, are presented in
Table S3.

S3 Extra Results

S3.1 Four multiplets

The result of applying CUPID to the four multiplets datasets is presented in Figure S6, Page S24.
These datasets are examples of cases where the direct-dimension is too crowded for reasonable
estimates of model order to be made using the MDL, so a value was manually provided; for each
dataset, 𝑀 = 36 was set. In all cases except one, the final number of model oscillators was 32,
corresponding to the true number of signals in the region considered. For the first example (LHS
of Figure S6), the final model order was 33. The position of the extraneous signal is denoted as
a purple star in panel d. This signal was removed using the multiplet assignment process, as it
violated the first-order signal criteria.

S3.2 Strychnine

The application of CUPID to the simulated strychnine dataset is presented in Figure S8, Page S26.
The first-order signals were faithfully quantified, with some signals correspinding to strong coupling
artefacts being incorporated into model after optimisation as well. With the execption of a pair
of signals located between 7.2ppm and 7.1ppm (colured grey in panels c & d), all extraneous
signals were removed based on the first-order criteria. The presence of the two grey signals, which
correspond to strong coupling artefacts betweeen spins (C) and (D), resulted in a small artefact in
the final pure shift spectrum. Since all the coloured multiplets in panel c are derived from only
first-order signals, the notable roofing effects present in the conventional 1D spectrum (panel b) are
absent. Multiplets corresponding to spins (B), (C), (D), (G) and (H) illustrate this most clearly.

S3.3 Camphor

Figure S9, Page S27 shows the result of applying CUPID to the camphor dataset. The 45°-tilt
spectrum (panel a) features peaks with broad lines due to the influence of dispersive character in
the 2DJ spectra, as well as numerous additional peaks which arise from strong coupling artefacts.
For all but one region, the estimation routine accurately quantified the first order signals, with
strong coupling artefacts being either neglected entirely or removed by applying the first order
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criteria. In the most shielded region, coupling between spins (F) and (G) yield particularly intense
artefacts. Estimated signals corresponding to these are denoted in grey in panels c & d. Inclusion
of these in the final pure shift spectrum leads to 3 low-intensity peaks, plotted in grey in panel
b (note that these also appear in the 45°-tilt spectrum). It is possible to manually remove these
signals; the result is the black spectrum in panel b. This process is analogous to the removal of the
water signal in the quinine example (Figure S5, Page S23). Such manual edits to the final result
should be clearly documented and rationalised.

S3.4 Dexamethasone

Finally, Figure S10, Page S28 shows the result of applying CUPID to the dexamethasone dataset.
For spins (A) and (G), two separate multiplet structures, split only in the direct dimension, could
be resolved. These exist due to heteronuclear couplings between these spins and 19F. A number of
extraneous signals are present in the final result, which are coloured grey in panels d & e. These
are as follows:

• 4.1ppm: a pair of strong coupling artefacts which lie along the same 45° line.

• 2.1ppm: A weak signal with an indirect-dimension frequency of 0Hz. This likely airses from a
13C satellite.

• 1.6ppm and 1.4ppm: a pair of weak signals which also have indirect-dimension frequencies of
0Hz. These correspond to 13C satellites derived from the intense singlet peak associated with
the C(K)3 methyl group.

The influence of these signals on the final pure shift spectrum (panel b) is denoted by asterisks.
Similar artefacts are also identifiable in the PSYCHE spectrum (panel a).
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S4 Figures
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Figure S1: PSYCHE pulse sequence applied to the estradiol sample. All delays are included, though they
are not to scale. Delays: 𝑑1 (relaxation delay): 1 s, 𝑑16: (gradient recovery delay): 200µs, 𝑑18: 200µs,
𝑑19: 1ms, 𝜏𝑎: 1.3ms, 𝜏𝑑: 18.9ms. The PSYCHE element featured two saltire chirp pulses with a WURST
amplitude envelope, with a target flip angle 𝛽 = 20°. Each saltire pulse had a bandwidth of 10 kHz, a
duration of 25ms, and a power of 280µW. Hard pulses had a power of 31.537W, with the duration of the 𝜋/2

pulse being 15µs. 𝐺1 and 𝐺2 were gradients for coherence order selection. Each comprised a 100-point sine
shape profile, and lasted 1ms. 𝐺3 was a rectangular weak gradient applied during the PSYCHE element,
with a duration of 52ms. The gradeint strengths as a percentage of the maximum permissible z-gradient
were, respectively 31%, 47%, 1.6%. The phase cycling scheme used was: 𝛷1 ∶ 2 × (0°, 180°); 𝛷2 ∶ 4 × 0°;
𝛷3 ∶ 2 × 0°, 2 × 90°; 𝛷rx ∶ 0°, 180°, 180°, 0°.
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Figure S2: TSE-PSYCHE pulse sequence applied to the dexamethasone sample. Delays: 𝑑1 (relaxation
delay): 2 s, 𝑑16: (gradient recovery delay): 200µs, 𝜏𝑎: 5ms (= 1/4𝑓(1)

sw). The hard 𝜋/2 pulse had a duration of
12µs, and a power of 24W. The two 𝜋 pulses were unidirectional frequency-swept (chirped) pulses, with the
first pulse sweeping from low to high frequencies, and the second pulse sweeping from high to low. These
each had a WURST amplitude envelope, lasted a duration of 40ms, and had a power of 11.05mW. The
PSYCHE element had a target flip angle 𝛽 = 15°, and featured two saltire chirp pulses. Both saltire pulses
had a WURST amplitude envelope, a duration of 15ms, and a power of 1.28mW. 𝐺1, 𝐺3 and 𝐺5 were
gradients for coherence order selection. Each comprised a 100-point sine profile, and lasted 1ms. 𝐺2, 𝐺4
and 𝐺6 were weak rectangular gradients which were applied at the same time as the chirped pulses. The
magnitudes of gradients 𝐺1 to 𝐺6 as a percentage of the maximum permitted gradient were, respectively:
49%, 2%, 35%, 3%, 77%, 2%. The phase cycling scheme used was: 𝛷1 ∶ 8 × 0°; 𝛷2 ∶ 2 × (2 × 0°, 2 × 180°);
𝛷3 ∶ 2 × (0°, 90°), 2 × (180°, 270°); 𝛷4 ∶ 8 × 0°; 𝛷rx ∶ 4 × (0°, 180°).
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Figure S3: An overview of the frequency-filtration method applied to J-Resolved data. For each panel
(a-d), a heat map denotes the entire 2D array, while underneath is a plot of the first slice in the direct
dimension. a. ̂𝑺, generated via construction of a virtual echo followed by FT in the direct dimension. b. 𝑮,
the super-Gaussian filter used for extracting the spectral region of interest. c. 𝑾𝜎2 ⊙ (𝟏 − 𝑮), a noise array
added to ensure regions outside the filter maintain the original noise variance. d. ̃𝑺, the resulting filtered
spectral data. This subsequently undergoes IFT, and slicing in half in the direct dimension to generate the
filtered sub-FID 𝒀.
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Figure S4: An illustration of the reasoning behind the name “−45° signal”. A typical 2DJ FID is denoted in
pale red. Note that the rate of sampling in the indirect dimension is far lower relative to the direct dimension
(𝑓 (1)

sw ≪ 𝑓 (2)
sw ), and there are far fewer points in the indirect dimension (𝑁 (1) ≪ 𝑁 (2)). The bright red signal

comprises a typical 1D FID, in which contributions from chemical shifts and scalar couplings both feature.
The pale blue points denote a hypothetical signal generated by back propagating the 2DJ FID in negative
𝑡(1), with the same rate of sampling as in the direct dimension. The main diagonal of this signal, in bright
blue, makes a −45° angle with the 𝑡(2) axis; the FT of this is a pure-shift spectrum.
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Figure S5: Zoomed-in depiction of the quinine estimation result, focusing on the signals arising from proton
(D) and water. a. Pure shift spectra generated by CUPID, for cases where the contribution from the water
signal was either included (solid) or removed (dashed). b. 1D spectrum of the dataset. c. Multiplet
structures determined with CUPID. d. Contour plot of the 2DJ spectrum, with the positions of estimated
peaks marked. Dashed vertical blue and grey lines denote the estimated central frequency of the (D) multiplet
and the position of the water signal, respectively. Dashed diagonal lines denote the 45° lines along which
the multiplet structures lie in the 2DJ spectrum. The (D) multiplet and water signal were determined to be
separated by 1.272Hz. N.B. the threshold used for multiplet prediction was 0.92Hz.
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Figure S6: Application of CUPID on 5 simulated 2DJ datasets comprising four heavily overlapping ddd multiplet structures. a. Black:
pure-shift spectra generated using CUPID. b. Spectra produced from the first direct-dimension FIDs in the 2DJ datasets. c. Plots of multiplet
structures determined (𝜖 = 𝑓 (2)

sw /𝑁 (2) ≈ 0.98Hz). d. Contour plots of the magnitude-mode 2DJ spectra, with coloured points denoting the peak
positions of estimated signals. The purple star denotes a signal which was removed using the first-order criteria.
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Figure S7: The structures of a. strychnine, b. camphor, and c. dexamethasone.
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Figure S8: Application of CUPID on the simulated strychnine dataset. a. Pure shift spectrum generated. The influence of the estimated
strong coupling artefacts is labelled with an asterisk. b. Spectrum of the first direct-dimension FID in the 2DJ dataset. c. Plots of predicted
multiplet structures. d. A contour plot of the magnitude-mode 2DJ spectrum. Coloured points locate the frequencies of estimated signals.
Purple stars denote estimated signals which were automatically purged based on the first-order criteria, while grey points denote estimated
strong coupling artefacts which were not purged.
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Figure S9: Application of CUPID on the camphor dataset. a. Pure shift spectrum generated using the 45°-
tilt approach. b. Grey: pure shift spectrum generated using CUPID. N.B. outside the 1.33ppm to 1.27ppm
region, this is indistinguishable from the black spectrum. Black: spectrum after manually neglecting signals
related to strong coupling artefacts. c. Spectrum produced from the first direct-dimension FID in the 2DJ
dataset. d. Multiplet structures assigned (𝜖 = 2𝑓 (2)

sw /𝑁 (2) ≈ 1.23Hz). e. A contour plot of the magnitude-
mode 2DJ spectrum. Coloured points denote the positions of estimated signals. Grey points denote those
signals which correspond to strong coupling artefacts. The purple star denotes a signal which corresponds to
a strong coupling artefact, which was automatically removed based on the first order criteria.
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Figure S10: Application of CUPID on dexamethasone dataset. a. TSE-PSYCHE spectrum. b. Pure shift spectrum generated using CUPID.
Asterisks denote features in the spectrum that have been caused by in the incorporation of strong coupling artefacts and 13C satellites. c.
Spectrum produced from the first direct-dimension FID in the 2DJ dataset. d. Multiplet structures assigned (𝜖 = 𝑓 (1)

sw /𝑁 (1) ≈ 1.79Hz). All
the 1D spectra plotted in panels a–d were subjected to 1.12Hz exponential line-broadening. e. A contour plot of the magnitude-mode 2DJ
spectrum. Coloured points locate the frequencies of estimated signals in the parameter estimate. Gray points denote estimated signals which
do not correspond to first-order multiplet structures; these either derive from strong coupling artefacts (4.1ppm), or 13C satellites (2.1ppm,
1.6ppm and 1.4ppm). Purple stars denote the positions of estimated signals which were automatically removed using the first-order criteria.
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a.

b.

Figure S11: Screenshots of the NMR-EsPy GUI. The exact appearance of the GUI will vary based on
the operating system used; these screenshots were obtained on a system running Ubuntu 22.04. a. Setup
window, used to specify regions of interest (these are highlighted in the 2DJ spectrum), along with other
features of the estimation routine. b. Result window, where a summary of the result generated by CUPID
is provided.
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S5 Tables

Quinine Estradiol Camphor Dexamethasone
SFO1 500.13 500.30 500.13 600.18
O1 2500.0 2501.5 1000.0 2815.4

SW_h[1] 50 100 50 50
SW_h[2] 7500.0 5000.0 5000.0 7211.5
SW[2] 15.00 9.99 10.00 12.02
TD[1] 128 128 128 64
TD[2] 16384 16384 16384 8192
NS 4 4 4 2
DS 4 2 4 8
PLW1 20.893 31.537 20.893 24
P1 10 15 10 12
D1 2 1 2 1.5
TE 298 298 298 298

Time 37:51 28:20 42:33 6:12

Table S1: Noteworthy experiment parameters for the 2DJ and PSYCHE experiments run. The dimension
number (1/2) is indicated in square brackets for applicable parameters. SFO1: Transmitter frequency of 1H
channel (MHz); O1: Transmitter offset of 1H channel (Hz); SW/SW_h: Sweep width (ppm/Hz); TD: Number of
points acquired (N.B. the number of complex points in the direct-dimension is half of TD[2]); NS: Number of
scans acquired; DS: Number of dummy scans; PLW1: Hard pulse power (W); P1: Duration of 90° pulse (µs);
D1: Duration of relaxation delay (s); TE: Experiment temperature; Time: Estimated experiment time (min),
calculated as 𝑁incr × 𝑡avg, where 𝑁incr = DS + NS × TD[1] and 𝑡avg = D1 + 30ms + 0.5 × TD[1]/SW_h[1] +
0.5 ×TD[2]/SW_h[2]. All experiments used Bruker type BBO Probes with a nominal maximum z gradient of
53.5Gcm−1. For further experimental details specific to the PSYCHE experiments, see Figures S1 and S2.
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Table S2: The isotropic chemical shifts, corresponding resonance frequencies, and scalar couplings associ-
ated with spin systems used in Spinach simulations.

Spin 𝛿 (ppm) 𝜔/2𝜋 (Hz) 𝐽 (Hz)
Four Multiplets - Example 1

(A) 6.398 × 10−3 3.199 (E): 5.893, (F): 9.416, (G): 8.343
(B) 1.377 × 10−2 6.885 (E): 7.567, (F): 2.581, (G): 8.769
(C) 1.880 × 10−2 9.398 (E): 5.873, (F): 3.697, (G): 4.804
(D) 2.477 × 10−2 12.383 (E): 1.255, (F): 2.119, (G): 7.036

Four Multiplets - Example 2
(A) −2.189 × 10−2 -10.947 (E): 5.728, (F): 3.792, (G): 5.372
(B) −6.665 × 10−3 -3.332 (E): 9.005, (F): 9.406, (G): 4.220
(C) 1.131 × 10−2 5.653 (E): 4.041, (F): 4.525, (G): 9.012
(D) 1.329 × 10−2 6.645 (E): 3.044, (F): 6.609, (G): 1.756

Four Multiplets - Example 3
(A) −2.649 × 10−2 -13.243 (E): 1.468, (F): 4.641, (G): 2.787
(B) −2.098 × 10−2 -10.492 (E): 1.817, (F): 6.223, (G): 3.688
(C) −9.833 × 10−3 -4.917 (E): 7.048, (F): 2.796, (G): 9.479
(D) 2.259 × 10−2 11.294 (E): 4.286, (F): 1.950, (G): 6.662

Four Multiplets - Example 4
(A) −4.486 × 10−3 -2.243 (E): 9.540, (F): 5.140, (G): 7.820
(B) −6.200 × 10−6 -0.003 (E): 9.347, (F): 9.711, (G): 1.132
(C) 7.213 × 10−3 3.606 (E): 2.339, (F): 9.754, (G): 9.009
(D) 2.971 × 10−2 14.853 (E): 8.217, (F): 9.312, (G): 3.395

Four Multiplets - Example 5
(A) −2.904 × 10−2 -14.520 (E): 9.362, (F): 1.595, (G): 8.572
(B) 7.656 × 10−4 0.383 (E): 1.600, (F): 4.099, (G): 4.873
(C) 1.315 × 10−2 6.577 (E): 2.121, (F): 3.595, (G): 6.275
(D) 1.548 × 10−2 7.739 (E): 6.639, (F): 9.632, (G): 4.325

Strychnine
(A) 8.092 4044.9 (B): 7.90, (C): 0.23, (D): 0.98
(B) 7.255 3626.5 (A): 7.90, (C): 1.08, (D): 7.44
(C) 7.167 3582.5 (A): 0.23, (B): 1.08, (D): 7.49
(D) 7.098 3548.0 (A): 0.98, (B): 7.44, (C): 7.49
(E) 5.915 2956.7 (G): 7.00, (H): 6.10, (K): 1.79, (M): 0.47
(F) 4.288 2143.4 (N): 3.34, (Q): 8.47, (V): 3.30
(G) 4.148 2073.4 (E): 7.00, (H): -13.80

Continues on next page...
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Spin 𝛿 (ppm) 𝜔/2𝜋 (Hz) 𝐽 (Hz)
(H) 4.066 2032.4 (E): 6.10, (G): -13.80
(I) 3.963 1981.0 (R): 4.33, (U): 2.42
(J) 3.860 1929.5 (V): 10.41
(K) 3.716 1857.5 (E): 1.79, (M): 1.61, (P): -14.80
(L) 3.219 1609.1 (O): -13.90, (S): 5.50, (T): 3.20
(M) 3.150 1574.6 (E): 0.47, (K): 1.61, (R): 4.11, (U): 1.96, (V): 3.29
(N) 3.132 1565.6 (F): 3.34, (Q): -17.34
(O) 2.878 1438.6 (L): -13.90, (S): 7.20, (T): 10.70
(P) 2.745 1372.1 (K): -14.80
(Q) 2.670 1334.6 (F): 8.47, (N): -17.34
(R) 2.360 1179.7 (I): 4.33, (M): 4.11, (U): -14.35
(S) 1.890 944.7 (L): 5.50, (O): 7.20, (T): -13.90
(T) 1.890 944.7 (L): 3.20, (O): 10.70, (S): -13.90
(U) 1.462 730.8 (I): 2.42, (M): 1.96, (R): -14.35
(V) 1.276 637.8 (F): 3.30, (J): 10.41, (M): 3.29
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Table S3: Metrics related to the results generated in this work. Initial M : the number of oscillators that were used to construct an initial guess
with the MMEMPM. Values marked with an asterisk were manually hard-coded, as opposed to applying the MDL on the first direct-dimension
FID. M after MMEMPM: the number of oscillators present in 𝜽(0). This differs from Initial M in cases where oscillators possessing negative
damping factors were generated by the MMEMPM. MMEMPM time: the time taken to generate the initial guess 𝜽(0). Opt. iterations: the
number of iterations performed during the optimisation routine. M after opt.: the number of oscillators present in 𝜽(∗), which differs from
M after MMEMPM, in cases where oscillators acquire negative amplitudes during the routine. Opt. time: the time taken to perform the
optimisation routine. Spurious oscs: the number of oscillators removed from 𝜽(∗), based on the first-order signal criteria.

Region (ppm) Initial 𝑀 𝑀 after MMEMPM MMEMPM time (s) Opt. iterations 𝑀 after opt. Opt. time (s) Spurious oscs.

Quinine
5.8 – 5.55 18 18 6.67 154 10 4.64 0
5.0 – 4.85 17* 17 3.94 15 17 0.55 0
3.75 – 3.63 14 14 3.10 109 13 1.81 0
3.17 – 3.06 15 15 4.55 182 11 2.31 0
2.8 – 2.6 20 20 4.74 161 18 5.28 0
2.0 – 1.7 36* 36 10.86 145 33 14.14 0

1.64 – 1.52 16 16 3.59 192 15 4.39 0
1.52 – 1.4 18 18 6.72 528 16 9.39 2

Estradiol
2.29 – 2.17 20* 18 19.09 125 12 2.99 1
2.12 – 2.0 15* 15 16.52 78 7 1.48 0
1.95 – 1.72 40* 40 29.95 125 33 18.57 1
1.65 – 1.52 20* 19 15.77 125 16 4.13 0
1.45 – 1.02 90* 89 31.47 150 84 92.21 3

Four Multiplets
Example 1 36* 36 8.93 270 34 11.97 2
Example 2 36* 36 9.16 33 32 1.65 0

Continues on next page...
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Region (ppm) Initial 𝑀 𝑀 after MMEMPM MMEMPM time (s) Opt. iterations 𝑀 after opt. Opt. time (s) Spurious oscs.

Example 3 36* 36 8.76 41 32 2.07 0
Example 4 36* 36 8.05 31 32 1.55 0
Example 5 36* 36 8.60 46 32 2.28 0

Strychnine
8.14 – 8.05 8 8 2.02 19 8 0.29 0
7.3 – 7.05 22 22 8.25 44 22 3.75 0
5.96 – 5.87 8 8 2.44 80 8 0.76 0
4.35 – 4.0 15 15 6.13 10 15 1.12 1
4.0 – 3.64 13 13 6.47 18 13 1.70 1
3.3 – 3.05 20* 20 6.39 44 19 3.58 2
3.0 – 2.56 15 15 6.32 24 14 2.69 2
2.45 – 2.25 7 7 4.25 16 6 0.44 0
2.0 – 1.74 5 5 5.79 31 4 0.60 0
1.55 – 1.35 7 7 3.55 41 7 0.86 0
1.35 – 1.2 8 8 3.44 24 7 0.50 1

Camphor
2.35 – 2.23 18 18 5.46 82 18 2.37 0
2.09 – 2.025 7 7 3.03 47 3 0.32 0
1.95 – 1.75 35 32 11.15 550 31 45.60 0
1.7 – 1.61 21 21 6.28 72 21 2.75 1

1.375 – 1.215 29 29 6.86 102 22 5.33 0

Dexamethasone
7.45 – 7.15 8 8 3.29 59 2 0.35 0
6.4 – 5.9 15 15 6.80 225 8 2.56 1

Continues on next page...

S34



Region (ppm) Initial 𝑀 𝑀 after MMEMPM MMEMPM time (s) Opt. iterations 𝑀 after opt. Opt. time (s) Spurious oscs.

5.5 – 4.8 20 19 8.08 268 6 4.37 1
4.8 – 4.3 11 11 4.13 50 9 0.72 2

4.25 – 3.97 22* 20 5.43 48 18 1.05 0
3.0 – 2.87 13 11 3.46 18 11 0.22 0
2.68 – 2.565 13 12 3.52 54 12 0.41 0
2.413 – 2.26 17 17 4.04 28 17 0.49 0
2.2 – 2.03 16 16 4.37 75 15 1.28 0
1.85 – 1.7 12 11 7.07 48 9 0.32 0
1.7 – 1.25 29 29 7.11 250 25 8.41 2
1.14 – 1.0 12 10 5.41 110 9 0.62 2
1.0 – 0.65 3* 3 1.79 9 3 0.14 0
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S6 Algorithms

Algorithm S1 The numerical optimisation routine employed in NMR-EsPy, and used for all
results generated in this work. This makes use of Algorithms 4.1 & 7.2 in [3], with an extra check
inserted to deal with any negative-amplitude oscillators which may be generated as the routine
evolves (lines 19 – 22).

1: procedure NLP(𝒀, 𝜽(0))
2: 𝛥(0) ← 1/10 ‖∇ℱ(𝜽(𝑘)|𝒀 )‖; Initial trust region radius

3: 𝛥max ← 16𝛥(0); Maximum permitted trust region radius

4: for 𝑘 = {0, 1, ⋯} do
5: 𝒑(𝑘) ← SteihaugToint (𝒀 , 𝜽(𝑘), 𝛥(𝑘)); Algorithm S2

6: 𝜌(𝑘) ← ℱ(𝜽(𝑘)|𝒀 ) − ℱ(𝜽(𝑘) + 𝒑(𝑘)|𝒀 )
ℱQ(𝜽(𝑘)|𝒀 ) − ℱQ(𝜽(𝑘) + 𝒑(𝑘)|𝒀 )

; Measure of efficacy of quadratic approximation (QA)

7: if 𝜌(𝑘) < 1/4 then
8: 𝛥(𝑘+1) ← 1/4𝛥(𝑘); QA performing badly, reduce trust region radius

9: else if 𝜌(𝑘) > 3/4 and ‖𝒑(𝑘)‖ = 𝛥(𝑘) then
10: 𝛥(𝑘+1) ← min (2𝛥(𝑘), 𝛥max); QA performing well, increase trust region radius

11: else
12: 𝛥(𝑘+1) ← 𝛥(𝑘);
13: end if
14: if 𝜌(𝑘) > 3/20 then
15: 𝜽(𝑘+1) ← 𝜽(𝑘) + 𝒑(𝑘); QA performing sufficiently well to update parameter vector

16: else
17: 𝜽(𝑘+1) ← 𝜽(𝑘); QA performing too poorly to justify updating parameter vector

18: end if
19: if 𝑘 mod 25 = 0 and 𝜽(𝑘+1) contains negative amplitudes then
20: 𝜽(0) ← 𝜽(𝑘+1) with negative amplitudes removed;
21: 𝜽(∗) ← NLP (𝒀 , 𝜽(0));
22: end if
23: if ‖∇ℱ(𝜽(𝑘+1)|𝒀 )‖ < 10−8 then
24: 𝜽(∗) ← 𝜽(𝑘+1);
25: break; Convergence achieved; break from loop

26: end if
27: end for
28: return 𝜽(∗);
29: end procedure
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Algorithm S2 The Steihaug-Toint method for computing an appropriate update of the parameter
guess during numerical optimisation. This algorithm is equivalent to Algorithm 7.2 in [3].

1: procedure SteihaugToint(𝒀, 𝜽(𝑘), 𝛥(𝑘))
2: 𝒈 ← ∇ℱ(𝜽(𝑘)|𝒀 ); Equation 3b

3: 𝑯 ← ∇2ℱ(𝜽(𝑘)|𝒀 ); Equation 9

4: 𝜖(𝑘) ← min (1/2, √‖𝒈‖) ‖𝒈‖;
5: 𝒛(0) ← 𝟎 ∈ ℝ6𝑀;
6: 𝒓(0) ← 𝒈;
7: 𝒅(0) ← −𝒓(0);
8: if ‖𝒓(0)‖ < 𝜖(𝑘) then
9: return 𝒛(0);

10: end if
11: for 𝑗 = 0, 1, ⋯ do
12: if 𝒅(𝑗)T𝑯𝒅(𝑗) ≤ 0 then
13: Find 𝜏 such that 𝒑(𝑘) = 𝒛(𝑘) + 𝜏𝒅(𝑘) minimises ℱQ(𝜽(𝑘) + 𝒑(𝑘)|𝒀 ), s.t. ∥𝒑(𝑘)∥ = 𝛥(𝑘);
14: return 𝒑(𝑘);
15: end if

16: 𝛼(𝑗) ← 𝒓(𝑗)T𝒓(𝑗)

𝒅(𝑗)T𝑯𝒅(𝑗)

17: 𝒛(𝑗+1) ← 𝒛(𝑗) + 𝛼(𝑗)𝒅(𝑗);
18: if ‖𝒛(𝑗+1)‖ < 𝜖(𝑘) then
19: Find 𝜏 ∈ ℝ>0 such that 𝒑(𝑘) = 𝒛(𝑗) + 𝜏𝒅(𝑗) satisfies ‖𝒑(𝑘)‖ = 𝛥(𝑘);
20: return 𝒑(𝑘);
21: end if
22: 𝒓(𝑗+1) ← 𝒓(𝑗) + 𝛼(𝑗)𝑯𝒅(𝑗);
23: if ‖𝒓(𝑗+1)‖ < 𝜖(𝑘) then
24: return 𝒛(𝑗+1);
25: end if

26: 𝛽(𝑗+1) ← 𝒓(𝑗+1)T𝒓(𝑗+1)

𝒓(𝑗)T𝒓(𝑗) ;

27: 𝒅(𝑗+1) ← −𝒓(𝑗+1) + 𝛽(𝑗+1)𝒅(𝑗);
28: end for
29: end procedure
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Algorithm S3 The MMEMPM. TruncatedSVD(𝑨, 𝑛) returns the 𝑛 most significant left singular
vectors (matrix 𝑼), singular values (vector 𝝈), and right singular vectors (matrix 𝑽 †) of matrix 𝑨.
Eigendecomposition(𝑨) returns the eigenvalues and eigenvectors of matrix 𝑨. Eigenvalues(𝑨)
returns the eigenvalues of matrix 𝑨. 𝒆(𝑖) denotes a vector of length 𝐿(1)𝐿(2) where every element
is 0 except the 𝑖-th which is 1. N.B. Any two frequencies 𝑓 (1)

𝑖 , 𝑓 (1)
𝑗 ∈ 𝒇 (1) are deemed to be distinct

if |𝑓 (1)
𝑖 − 𝑓 (1)

𝑗 | > 𝑓 (1)
sw /𝑁 (1).

1: procedure MMEMPM(𝒀, 𝑀)
2: 𝐿(1) ← ⌊𝑁 (1)/2⌋;
3: 𝐿(2) ← ⌊𝑁 (2)/2⌋;
4: for 𝑛(1) = 1, ⋯ , 𝑁 (1) do

5: 𝑯𝑛(1) ←
⎡
⎢
⎢
⎣

𝑦𝑛(1),1 𝑦𝑛(1),2 ⋯ 𝑦𝑛(1),𝑁(2)−𝐿(2)+1
𝑦𝑛(1),2 𝑦𝑛(1),3 ⋯ 𝑦𝑛(1),𝑁(2)−𝐿(2)+2

⋮ ⋮ ⋱ ⋮
𝑦𝑛(1),𝐿(2) 𝑦𝑛(1),𝐿(2)+1 ⋯ 𝑦𝑛(1),𝑁(2)

⎤
⎥
⎥
⎦

Hankel matrix of points in 𝑛(1)-th

direct-dimension FID

6: end for;

7: 𝑯𝑒 ←
⎡
⎢
⎢
⎣

𝑯1 𝑯2 ⋯ 𝑯𝑁(1)−𝐿(1)+1
𝑯2 𝑯3 ⋯ 𝑯𝑁(1)−𝐿(1)+2

⋮ ⋮ ⋱ ⋮
𝑯𝐿(1) 𝑯𝐿(1)+1 ⋯ 𝑯𝑁(1)

⎤
⎥
⎥
⎦

; Enhanced Hankel matrix

8: 𝑼, 𝝈, 𝑽 † ← TruncatedSVD (𝑯𝑒, 𝑀);
9: 𝑼1 ← 𝑼 with last 𝐿(2) rows removed;

10: 𝑼2 ← 𝑼 with first 𝐿(2) rows removed;
11: 𝒛(1), 𝑾 (1) ← Eigendecomposition (𝑼+

1 𝑼2); 𝒛(1): signal poles of indirect dimension

12: 𝒇 (1) ← (𝑓(1)
sw/2𝜋) Im (ln 𝒛(1));

13: 𝜼(1) ← −𝑓 (1)
sw Re (ln 𝒛(1));

Continues on next page...
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14: 𝑷 ←

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝒆(1)T
𝒆(𝐿(2) + 1)T

⋮
𝒆((𝐿(1) − 1)𝐿(2) + 1)T

𝒆(2)T
𝒆(𝐿(2) + 2)T

⋮
𝒆((𝐿(1) − 1)𝐿(2) + 2)T

⋮
⋮

𝒆(𝐿(2))T
𝒆(2𝐿(2))T

⋮
𝒆(𝐿(1)𝐿(2))T

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

; Permutation Matrix

15: 𝑼P ← 𝑷 𝑼
16: 𝑼P1 ← 𝑼P with last 𝐿(1) rows removed;
17: 𝑼P2 ← 𝑼P with first 𝐿(1) rows removed;
18: 𝑮 ← [𝑾 (1)]−1 𝑼+

P1𝑼P2𝑾 (1);
19: if all values in 𝒇 (1) are distinct then
20: 𝒛(2) ← diag(𝑮);
21: else
22: 𝒛(2) ← 𝟎 ∈ ℂ𝑀

23: 𝑅 ← number unique frequencies in 𝒇 (1); N.B. 𝑅 < 𝑀

24: ℝ𝑅 ∋ 𝝌(1) ← set of unique frequencies in 𝒇 (1);
25: for 𝑟 = 1, ⋯ , 𝑅 do
26: 𝝁𝑟 ← positions in 𝒇 (1) which match with 𝜒(1)

𝑟 ;
27: ℎ𝑟 ← number of elements in 𝝁𝑟;
28: ℝℎ𝑟×ℎ𝑟 ∋ 𝑮𝑟 ← sub-matrix of 𝑮 comprising the rows and columns given by 𝝁𝑟;
29: 𝒛(2)

𝑟 ← Eigenvalues(𝑮𝑟);
30: assign values of 𝒛(2)

𝑟 to 𝒛(2), according to indices 𝝁𝑟;
31: end for;
32: end if;
33: 𝒇 (2) ← (𝑓(2)

sw/2𝜋) Im (ln 𝒛(2)) + 𝑓off;
34: 𝜼(2) ← −𝑓 (2)

sw Re (ln 𝒛(2));
Continues on next page...
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35: 𝑳(2) ←

⎡
⎢
⎢
⎢
⎢
⎣

1 1 ⋯ 1
𝑧(2)

1 𝑧(2)
2 ⋯ 𝑧(2)

𝑀
[𝑧(2)

1 ]2 [𝑧(2)
2 ]2 ⋯ [𝑧(2)

𝑀 ]2

⋮ ⋮ ⋱ ⋮
[𝑧(2)

1 ]𝐿
(2)−1 [𝑧(2)

2 ]𝐿
(2)−1 ⋯ [𝑧(2)

𝑀 ]𝐿
(2)−1

⎤
⎥
⎥
⎥
⎥
⎦

;

36: 𝑹(2) ←
⎡
⎢
⎢
⎣

1 𝑧(2)
1 [𝑧(2)

1 ]2 ⋯ [𝑧(2)
1 ]𝑁

(2)−𝐿(2)

1 𝑧(2)
2 [𝑧(2)

2 ]2 ⋯ [𝑧(2)
2 ]𝑁

(2)−𝐿(2)

⋮ ⋮ ⋮ ⋱ ⋮
1 𝑧(2)

𝑀 [𝑧(2)
𝑀 ]2 ⋯ [𝑧(2)

𝑀 ]𝑁
(2)−𝐿(2)

⎤
⎥
⎥
⎦

;

37: 𝑫(1) ←
⎡
⎢
⎢
⎣

𝑧(1)
1 0 ⋯ 0
0 𝑧(1)

2 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝑧(1)

𝑀

⎤
⎥
⎥
⎦

;

38: 𝑳𝑒 ←
⎡
⎢
⎢
⎣

𝑳(2)

𝑳(2)𝑫(1)

⋮
𝑳(2) [𝑫(1)]𝐾−1

⎤
⎥
⎥
⎦

;

39: 𝑹𝑒 ← [𝑹(2) 𝑫(1)𝑳(2) ⋯ [𝑫(1)]𝑁(1)−𝐾 𝑳(2)];
40: 𝜶 ← diag (𝑳+

𝑒 𝑯𝑒𝑹+
𝑒 );

41: 𝒂 ← |𝜶|
42: 𝝓 ← arctan2 (Im(𝜶),Re(𝜶))
43: 𝜽(0) ← [𝒂 𝝓 𝒇 (1) 𝒇 (2) 𝜼(1) 𝜼(2)] T;
44: return 𝜽(0)

45: end procedure
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Algorithm S4 The MDL for approximating the model order 𝑀 of a 2DJ FID.
1: procedure MDL(𝒀 ∈ ℂ𝑁(1)×𝑁(2))
2: 𝐿(2) ← ⌊𝑁 (2)/3⌋; Pencil parameter

3: 𝑯1 ←
⎡
⎢
⎢
⎣

𝑦1,1 𝑦1,2 ⋯ 𝑦1,𝐿(2)+1
𝑦1,2 𝑦1,3 ⋯ 𝑦1,𝐿(2)+2

⋮ ⋮ ⋱ ⋮
𝑦1,𝑁(2)−𝐿(2) 𝑦1,𝑁(2)−𝐿(2)+1 ⋯ 𝑦1,𝑁(2)

⎤
⎥
⎥
⎦

; Hankel matrix of first direct-dimension FID

4: 𝑼, 𝝈, 𝑽 † ← SVD (𝑯1);
5: 𝜈min ← ∞;
6: 𝑀 ← −1;
7: for 𝑘 = 0, 1, ⋯ , 𝐿(2) − 1 do

8: 𝜈 ← − ln⎛⎜
⎝

∏𝐿(2)

𝑖=𝑘+1 𝜎1/(𝐿(2)−𝑘)
𝑖

1/(𝐿(2) − 𝑘) ∑𝐿(2)

𝑖=𝑘+1 𝜎𝑖

⎞⎟
⎠

(𝐿(2)−𝑘)𝑁(2)

+ 1
2𝑘(2𝐿(2) − 𝑘) ln𝑁 (2);

9: if 𝜈 < 𝜈min then
10: 𝜈min ← 𝜈;
11: 𝑀 ← 𝑘;
12: end if
13: end for;
14: return 𝑀;
15: end procedure
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Algorithm S5 Frequency-filtration procedure. RandomGaussian(𝜇, 𝜎2, 𝑚, 𝑛) generates a matrix
of shape 𝑚×𝑛, where each element has been randomly sampled from a Normal (Gaussian) distribu-
tion with mean 𝜇 and variance 𝜎2. 𝒓 comprises the indices of the left and right bounds of the region
of interest, while 𝒏 comprises the analogous bounds for the noise region. Typically, these will be
provided in units of ppm by the user; conversion to array indices is achieved through Equation 13,
Page S13.

1: procedure Filter( 𝒀 ∈ ℂ𝑁(1)×𝑁(2) , 𝒓 ∈ [[1, 2𝑁 (2)]]2, 𝒏 ∈ [[1, 2𝑁 (2)]]2, 𝛾 ∈ ℝ>1 )

2: ̂𝒀 ← ⎡
⎢
⎣

Re(𝑦1,1) 𝑦1,2 ⋯ 𝑦1,𝑁(2) 0 𝑦∗
1,𝑁(2) 𝑦∗

1,𝑁(2)−1 𝑦∗
1,2

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
Re(𝑦𝑁(1),1) 𝑦𝑁(1),2 ⋯ 𝑦𝑁(1),𝑁(2) 0 𝑦∗

𝑁(1),𝑁(2) 𝑦∗
𝑁(1),𝑁(2)−1 𝑦∗

𝑁(1),2

⎤
⎥
⎦
;

3: ̂𝑺 ← FT(2) ( ̂𝒀 );

4: 𝜇 ← 1
𝑁(1)(𝑛2−𝑛1)

𝑁(1)

∑
𝑛(1)=1

𝑛2

∑
𝑛(2)=𝑛1

̂𝑠𝑛(1),𝑛(2) ; Mean of points in noise region

5: 𝜎2 ← 1
𝑁(1)(𝑛2−𝑛1)

𝑁(1)

∑
𝑛(1)=1

𝑛2

∑
𝑛(2)=𝑛1

( ̂𝑠𝑛(1),𝑛(2) − 𝜇)2; Variance of points in noise region

6: 𝑾 ← RandomGaussian(𝜇, 𝜎2, 𝑁 (1), 2𝑁 (2));
7: 𝑐 ← (𝑟0 + 𝑟1)/2; Center of super-Gaussian filter

8: 𝑏 ← 𝑟1 − 𝑟0; Width of super-Gaussian filter

9: 𝒈(1) ← 𝟏 ∈ ℝ𝑁(1) ;
10: 𝒈(2) ← 𝟎 ∈ ℝ2𝑁(2) ;
11: for 𝑛(2) = 1, ⋯ , 2𝑁 (2) do
12: 𝑔(2)

𝑛(2) ← exp (−2𝑝+1 (𝑛(2)−𝑐
𝑏 )𝑝) 𝑝 = 40 by default

13: end for;
14: 𝑮 ← 𝒈(1) ⊗ 𝒈(2);
15: ̃𝑺 ← ̂𝑺 ⊙ 𝑮 + 𝑾 ⊙ (𝟏 ∈ ℝ𝑁(1)×2𝑁(2) − 𝑮); See Figure S3

16: 𝜆, 𝜌 ← 𝑐 − ⌊𝛾𝑏
2 ⌋ , 𝑐 + ⌈𝛾𝑏

2 ⌉;

17: ̅𝑺 ←
⎡
⎢
⎢
⎣

̃𝑠1,𝜆 ̃𝑠1,𝜆+1 ⋯ ̃𝑠1,𝜌
̃𝑠2,𝜆 ̃𝑠2,𝜆+1 ⋯ ̃𝑠2,𝜌
⋮ ⋮ ⋱ ⋮

̃𝑠𝑁(1),𝜆 ̃𝑠𝑁(1),𝜆+1 ⋯ ̃𝑠𝑁(1),𝜌

⎤
⎥
⎥
⎦

;

Continues on next page...
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18: ̂̃𝒀 ← 𝜌−𝜆
𝑁(2) IFT(2) ( ̅𝑺);

19: 𝜖 ← ⌊𝜌−𝜆
2 ⌋;

20: ̃𝒀 ←
⎡
⎢
⎢
⎢
⎣

̂̃𝑦1,1
̂̃𝑦1,2 ⋯ ̂̃𝑦1,𝜖

̂̃𝑦2,1
̂̃𝑦2,2 ⋯ ̂̃𝑦2,𝜖

⋮ ⋮ ⋱ ⋮
̂̃𝑦𝑁(1),1

̂̃𝑦𝑁(1),2 ⋯ ̂̃𝑦𝑁(1),𝜖

⎤
⎥
⎥
⎥
⎦

;

21: return ̃𝒀
22: end procedure

Algorithm S6 Proposed simplified frequency-filtration procedure which wasn’t used in this work
(see the remark at the beginning of Section S1.4).

1: procedure Filter( 𝒀 ∈ ℂ𝑁(1)×𝑁(2) , 𝒓 ∈ [[1, 2𝑁 (2)]]2, )

2: ̂𝒀 ← ⎡
⎢
⎣

Re(𝑦1,1) 𝑦1,2 ⋯ 𝑦1,𝑁(2) 0 𝑦∗
1,𝑁(2) 𝑦∗

1,𝑁(2)−1 𝑦∗
1,2

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
Re(𝑦𝑁(1),1) 𝑦𝑁(1),2 ⋯ 𝑦𝑁(1),𝑁(2) 0 𝑦∗

𝑁(1),𝑁(2) 𝑦∗
𝑁(1),𝑁(2)−1 𝑦∗

𝑁(1),2

⎤
⎥
⎦
;

3: ̂𝑺 ← FT(2) ( ̂𝒀 );

4: ̅𝑺 ←
⎡
⎢
⎢
⎣

̃𝑠1,𝑟1
̃𝑠1,𝑟1+1 ⋯ ̃𝑠1,𝑟2

̃𝑠2,𝑟1
̃𝑠2,𝑟1+1 ⋯ ̃𝑠2,𝑟2

⋮ ⋮ ⋱ ⋮
̃𝑠𝑁(1),𝑟1

̃𝑠𝑁(1),𝑟1+1 ⋯ ̃𝑠𝑁(1),𝑟2

⎤
⎥
⎥
⎦

;

5: ̂̃𝒀 ← 𝑟2−𝑟1
𝑁(2) IFT(2) ( ̅𝑺);

6: 𝜖 ← ⌊𝑟2−𝑟1
2 ⌋;

7: ̃𝒀 ←
⎡
⎢
⎢
⎢
⎣

̂̃𝑦1,1
̂̃𝑦1,2 ⋯ ̂̃𝑦1,𝜖

̂̃𝑦2,1
̂̃𝑦2,2 ⋯ ̂̃𝑦2,𝜖

⋮ ⋮ ⋱ ⋮
̂̃𝑦𝑁(1),1

̂̃𝑦𝑁(1),2 ⋯ ̂̃𝑦𝑁(1),𝜖

⎤
⎥
⎥
⎥
⎦

;

8: return ̃𝒀
9: end procedure
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Algorithm S7 Procedure for grouping estimated signals which belong to the same multiplet struc-
ture. HashMap⟨𝐾, 𝑉 ⟩() generates an empty hashmap, which will comprise key-value pairs of types
𝐾 and 𝑉, respectively. Array⟨𝑉 ⟩() generates an empty array, which will comprise entries of type
𝑉. Append(𝐴, 𝑥) increases the size of array 𝐴 by 1 and adds 𝑥 to the end of it. Add(𝐻, 𝐾, 𝑉 ) adds
the key-value pair (𝐾, 𝑉 ) to hashmap 𝐻. Remove(𝐻, 𝐾) removes the key-value pair with key 𝐾
from the hashmap 𝐻.

1: procedure AssignMultiplets( 𝜽(∗) ∈ ℝ6𝑀, 𝜖 ∈ ℝ>0 )
2: 𝐻 ← HashMap⟨ℕ, Array⟨ℕ⟩⟩();
3: for 𝑚 = 1, ⋯ , 𝑀 do
4: 𝑏 ← False; Flag indicating whether the signal falls into an existing group

5: 𝑓 (1)
𝑚 , 𝑓 (2)

𝑚 ← 𝜃(∗)
2𝑀+𝑚, 𝜃(∗)

3𝑀+𝑚;
6: 𝑓c ← 𝑓 (2)

𝑚 − 𝑓 (1)
𝑚 ;

7: for 𝑓 ′
c , 𝐴 in 𝐻 do

8: if |𝑓c − 𝑓 ′
c | < 𝜖 then;

9: 𝑏 ← True;
10: 𝑓old ← 𝑓 ′

c ;
11: 𝑆 ← Size(𝐴);
12: 𝑓new ← (𝑆𝑓old + 𝑓c)/(𝑆 + 1); Compute the new mean frequency of the group

13: Append(𝐴, 𝑚);
14: Remove(𝐻, 𝑓old); Replace the new frequency with the old one

15: Add(𝐻, 𝑓new, 𝐴);
16: break;
17: end if
18: end for
19: if not 𝑏 then
20: 𝐴 ← Array⟨ℕ⟩();
21: Append(𝐴, 𝑚);
22: Add(𝐻, 𝑓c, 𝐴);
23: end if
24: end for
25: return 𝐻;
26: end procedure
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S7 Code Listings

Code Listing S1: 2DJ pulse sequence for use in Spinach.

1 function fid = jres_seq(spin_system, parameters, H, R, K)

2 % Compose Liouvillian

3 L = H + 1i * R + 1i * K; clear('H', 'R', 'K');

4 % 𝜏 (1)

5 d1 = 1 / parameters.sweep(1);

6 % 𝜏 (2)

7 d2 = 2 / parameters.sweep(2)

8 % 𝑁 (1)

9 N1 = parameters.npoints(1);

10 % 𝑁 (2)

11 N2 = parameters.npoints(2);

12 % Targeted nucleus (always 1H)

13 nuc = parameters.spins{1}

14 % Initial state

15 rho = state(spin_system, 'Lz', nuc);

16 % Detection state

17 coil = state(spin_system, 'L+', nuc);

18 % Get the pulse operators

19 Lp = operator(spin_system, 'L+', nuc);

20 Lx = (Lp + Lp') / 2;

21 % First pulse: 90° about x

22 rho = step(spin_system, Lx, rho, pi / 2);

23 % First half of t1 evolution

24 rho = evolution(spin_system, L, [], rho, d1 / 2, N1 - 1, 'trajectory');

25 % Select "-1" coherence

26 rho = coherence(spin_system, rho, {{nuc, -1}});

27 % Second pulse: 180° about x

28 rho = step(spin_system, Lx, rho, pi);

29 % Select "+1" coherence

30 rho = coherence(spin_system, rho, {{nuc, +1}});

31 % Second half of t1 evolution

32 rho = evolution(spin_system, L, [], rho, d1 / 2, N1 - 1, 'refocus');

33 % Run the F2 evolution

34 fid = evolution(spin_system, L, coil, rho, d2, N2 - 1, 'observable');

35 end
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Code Listing S2: Python function used to transform a PSYCHE interferogram into a 1D FID.

1 from nmrespy.sig import convdta

2 import numpy as np

3

4 def process_psyche(ser: np.ndarray, grpdly: float, sw1: float, sw2: float) ->

np.ndarray:↪

5 """Process a raw PSYCHE ser array to form a 1D pure shift FID.

6

7 Parameters

8 ----------

9

10 ser

11 2D PSYCHE interferogram, i.e. the contents of a Bruker ser file.

12

13 grpdly

14 Group delay.

15

16 sw1

17 Sweep width in the indirect dimension (Hz).

18

19 sw2

20 Sweep width the direct dimension (Hz).

21 """

22 drop_pts = 4

23 chunk_pts = sw2 // sw1

24 # `convdta` mimics Bruker's function of the same name, which performs

25 # digital to analogue conversion

26 fid = convdta(ser, grpdly)

27 # Slice to retain the initial points of each direct-dimension signal.

28 fid = fid[:, drop_pts : drop_pts + chunk_pts]

29 # Flatten into a 1D FID

30 fid = fid.flatten()

31 return fid
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