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Summary

NMR spectroscopy is a highly valuable technique for the characterisation of struc-

ture and dynamics of biomolecules. Despite this, the effects of relaxation limits the

size of molecules that can be studied. Transverse Relaxation Optimised Spectroscopy

(TROSY) is a method which has increased this limit, though there is a desire to push

it even further.

We believe that a TROSY experiment which probes 13CF3 moieties could allow studies

of macromolecules which are currently deemed too large, in the context of solution-

state NMR. Such systems include membrane-bound proteins and virus particles.

A novel relaxation theory is presented that is well-suited to describe 13CF3 systems.

Comparisons of relaxation behaviour between methyl and 13CF3 groups were made

using our theory. Our results indicate that magnetisations associated with 13CF3 moi-

eties relax at noticeably slower rates. This observation was determined to be driven

largely by dipolar coupling effects, with the 19F chemical shift anisotropy also play-

ing a significant role. These findings show that the development of a 13CF3 TROSY

experiment is a worthwhile pursuit, which could extend the scope of NMR.

Validation of this theory was achieved via studies on a small 13CH3-labelled molecule,

present in a highly viscous medium. Although our theory described its relaxation

well, the molecule was not effective at mimicking proteins.
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Chapter 1

Introduction

NMR Spectroscopy has been widely used for the study of biomolecular systems for

over 70 years. The importance of the technique is evidenced by the fact that 2 Nobel

Prizes in Chemistry have been awarded to pioneering figures in NMR (Ernst, 1991

and Wüthrich, 2002). At present, it is the only experimental method that can mea-

sure both the structure and dynamics of biomolecules at atomic resolution on varying

timescales. Despite the unique information NMR can offer, there are certain features

which limit the size of molecules that can feasibly be studied using it. As the size

of the molecule increases, so too does the number of distinct chemical environments.

This leads to increased spectral crowding, which can make the resolution of individual

environments challenging. On top of this, the detectable magnetisation emanating

from a molecule decays - via a process called relaxation - more rapidly with increasing

molecular size, which further reduces the resolving power of the experiment.

There are relatively few solved structures of biomolecules with molecular masses

greater than 25 kDa using conventional techniques[1]. Since 1997, development of

Transverse Relaxation Optimised SpectroscopY (TROSY) has enabled studies of molecules

far larger. The original TROSY methodology was developed to target scalar-coupled

15N-1H pairs commonly encountered in proteins[2]. Additional TROSY techniques

have been developed since, including methyl-TROSY, which involves probing pro-

teins that have been selectively labelled with 13C methyl groups[3,4]. This particular
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Introduction

innovation allows biomolecules up to 1MDa to be studied[5–8]. Despite this, the possi-

bility of studying even larger systems, such as membrane-bound proteins, is of course

desirable. The aim of this thesis is to explore possibilities for the development of such

methods.

The use of 19F NMR may be a step towards extending the limits of bimolecular NMR.

Whilst fluorine does not exist naturally within biomolecules, methods allowing the

incorporation of 19F nuclei into proteins are emerging[9]. The 13CF3 group has certain

features that make it a promising target for TROSY experiments. Firstly, the only

19F environments within a protein would come from the selectively inserted 13CF3

labels, and therefore the resultant spectra would be far less crowded. Furthermore,

the relaxation behaviour of 13CF3 should vary substantially from 13CH3, giving rise

to the possibility of developing new NMR experiments that exploit this. The primary

reason for this difference stems from the typically large 19F chemical shift anisotropy

(CSA), which arises due to a non-uniform electron density about the nucleus.

Whilst most NMR experiments can be adequately understood without a detailed ap-

preciation of relaxation, this isn’t the case for the TROSY experiments. The method

is based on being highly selective about generating certain magnetisations that have

favourable relaxation properties. The major focus of this thesis is to investigate the

theory of relaxation in I3S spin-systems, freely rotating as a part of larger molecules.

Subsequently, validation of this theory via experimental means is attempted. Armed

with a detailed understanding of I3S relaxation phenomena, it will then become pos-

sible to devise an optimal 13CF3-TROSY experiment.

2



1.1. Basics of NMR and Relaxation

1.1 Basics of NMR and Relaxation

NMR experiments involve perturbing the magnetisation associated with an ensem-

ble of spins away from its equilibrium state. This is achieved by the application of

radio-frequency (rf) pulses. After such a perturbation is applied, the sample’s net

magnetisation will eventually return back to equilibrium, via relaxation. As a simple

illustration of relaxation, one can consider how a sample’s magnetisation evolves with

time using the vector model [10].

Consider an ensemble of isolated spin-1
2

nuclei, subjected to an external magnetic

field, B⃗0. The ensemble’s net magnetisation, described by M⃗ , will be parallel B⃗0 at

equilibrium. It is possible to rotate the net magnetisation of the sample into the plane

perpendicular to the field direction. This is achieved by the application of a 90◦ rf

pulse. Subsequently, M⃗ precesses about B⃗0. However, the magnetisation does not

precess within this perpendicular plane indefinitely. Instead, it gradually reverts back

to its equilibrium position. Two separate relaxation rates are important to note:

• Longitudinal Relaxation: the restoration of magnetisation along the field-direction

(conventionally the z-direction), involving a change in population of spin states.

• Transverse Relaxation: a loss of coherence between spins, leading to depletion

of magnetisation in the plane perpendicular to the field-direction. This does

not require a change in population of the spin states.

These two processes typically occur at different rates in aqueous solution, parametrised

by Γ1 and Γ2, respectively. Figure 1.1.i illustrates how the magnetisation of an en-

semble of spin-1
2

nuclei evolves with time, using the vector model. In the rotating
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Figure 1.1: i. The time evolution of the bulk magnetisation for a system of spin-12 nuclei

after a 90◦ pulse, described by the vector model. The relaxation of the magnetisation

is parametrised by the longitudinal and transverse relaxation rate constants, Γ1 and Γ2.

The three coloured spirals illustrate the time evolution of the magnetisation vector M⃗ ,

with differing Γ2 values, red having the largest value and blue having the smallest value.

Γ1 is kept constant for all cases. ii. The resulting signal, detected in the transverse

plane, is Fourier Transformed to produce a spectrum, whose linewidth at half the peak’s

maximum intensity is Γ2
π Hz

frame [11], the x-, y- and z-components of the magnetisation are described as follows:

Mx(t) = |M⃗0| sin(Ω0t)e
−Γ2t My(t) = −|M⃗0| cos(Ω0t)e

−Γ2t Mz(t) = |M⃗0|
(
1− e−Γ1t

)
(1.1)

where |M⃗0| is the magnitude of the equilibrium magnetisation vector, and Ω0 is the

offset frequency, equal to ω0 − ωrf. These expressions give rise to the spiral-like path

that the magnetisation vector follows as it returns to equilibrium in Figure 1.1.i. An

NMR spectrometer is set up such that it is able to detect magnetisation transverse

to the field direction. The signal it detects, called the free induction decay (FID),

is Fourier Transformed to convert it from the time domain to the frequency domain.

4



1.1. Basics of NMR and Relaxation

The resulting spectrum consists of a single peak, described by a Lorentzian function:

S(Ω) = Re

 ∞∫
0

(Mx(t) + iMy(t))︸ ︷︷ ︸
eiΩ0t

e−Γ2teiΩtdt

 =
Γ2

Γ2
2 + (Ω0 − Ω)2

(1.2)

The transverse relaxation rate constant, Γ2 has a direct impact on the width of the

peak, Figure 1.1.ii. By noting that the maximum peak intensity occurs at Ω0,

Smax = S(Ω0) =
1

Γ2

∴ Shalf-height =
1

2Γ2

=⇒ Ωhalf-height = Ω0 ± Γ2 (1.3)

Hence, the width of a peak at half it’s maximum is given by 2Γ2 rad s−1 = Γ2

π
Hz.

The smaller Γ2 is, the more intense and sharper the resultant spectral peaks will be.

Relaxation of the signal that is ultimately detected isn’t the only factor that im-

pacts the sensitivity of NMR experiments. Most NMR pulse sequences utilise several

rf pulses, along with very precisely defined delay periods, on coupled spin systems.

During the sequence, various forms of magnetisation are generated, which are used

to provide detailed insights into molecular structure and function. But as the pulse

sequence occurs, the magnetisation is constantly relaxing. This is particularly detri-

mental for large macromolecules that tumble very slowly in solution, as signal relax-

ation is typically very fast. By the time of acquisition, the manipulated magnetisation

may have such a small intensity that it is indistinguishable from the stochastic noise

inherent to all spectra. For these large systems, it is paramount to be highly selective

in choosing the magnetisations that are allowed to evolve during the pulse sequence.

This is precisely the aim of TROSY.
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1.2 An Overview of TROSY

All TROSY experiments are devised with the same objective: to find a pulse sequence

that takes at least some of the sample’s magnetisation along a pathway where it is

slowly relaxing at all times. I outline the key principles of two well-established TROSY

techniques below. It is envisaged that combining traits of both of these experiments

(notably dipolar/CSA interference from one, and dipolar/dipolar interference from

the other) will yield a highly effective technique for targeting 13CF3 moieties.

1.2.1 15N-1H TROSY

15N-1H spin pairs in proteins, excluding contributions from external spins, experience

two major spin-relaxation mechanisms. The first of these is a dipolar interaction

between the two nuclei. Secondly, there is a considerable 15N CSA. Both interactions

average to zero during the measurement time-scale, but their fluctuations, induced by

molecular tumbling, dominate relaxation. A one-dimensional 1H spectrum of a single

15N-1H moiety will have a doublet structure as a result of scalar coupling between the

nuclei. A doublet would also be observed if a 1D 15N spectrum was acquired. For

each resonance in these doublets, the relaxation behaviour will differ. Notably, for

resonances where the two major mechanisms reinforce each other, relaxation will be

particularly fast, corresponding to a large Γ2 value. Conversely, resonances in which

these mechanisms act in opposite senses will relax slowly. As a result, the line widths

of the peaks within each doublet will be different. Small, rapidly tumbling molecules

do not show much discrepancy in peak widths within a doublet. By contrast, large,

slowly tumbling molecules will typically exhibit drastic differences in peak widths,

6



1.2. An Overview of TROSY

Figure 1.2: i. A HSQC spectrum of a typical 15N-1H moiety in a large protein will

feature peaks with highly pronounced linewidth differences, as a result of relaxation

interference effects. ii. Decoupling such spectra produces peaks that originate from

signal which has slowly and rapidly relaxing magnetisations mixed together, and can give

rise to relatively low intensity peaks as a result. iii. In a 15N-1H TROSY experiment,

the use of phase-cycling discards signal that is rapidly relaxing, and retains the slowly

relaxing signal only.

Figure 1.2.

A 15N-1H Heteronuclear Single Quantum Coherence (HSQC) experiment produces

a two-dimensional spectrum, with proton chemical shift on one axis, and 15N shift on

the other. The resultant peaks provide correlations between scalar coupled 15N-1H

pairs. In the 15N-1H TROSY experiment, selection of the peak corresponding to slowly

relaxing magnetisaions in both dimensions is achieved via phase-cycling. The result

is a loss of total signal obtained from an NMR experiment, though the signal retained

gives rise to an intense, sharp line, Figure 1.2.iii. For sufficiently slowly tumbling

molecules, with inherently fast-relaxing magnetisations, intensity gains relative to

conventional decoupled spectra are achieved using this methodology.
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2τ 2τ

13C

1H or 19F τ τ τ τ
i. ii.

50% 19%

y

Figure 1.3: Simplified pulse sequence diagrams for a HMQC and a HSQC experiments

(i. and ii. respectively). Narrow (Wide) bars represent 90◦ (180◦) rf pulses, applied to

the nucleus specified. The detected signal (FID) is represented by a triangle. During

detection of the FID, heteronuclear decoupling (represented by a dashed box) is applied

to the 13C nucleus to remove multiplet structures. The optimum value of the time τ is
1

4JCH
, where JCH is the 13C-1H scalar coupling constant.

1.2.2 Methyl TROSY

Within the 13CH3 moiety, relaxation is dominated by numerous dipolar interactions

(those being 13C-1H and 1H-1H dipolar interactions). The HSQC experiment is very

poor for the study of methyl groups in large macromolecules, as during the pulse

sequence, rapidly and slowly magnetisations are heavily mixed via the application of

numerous 90◦ rf pulses. The Heteronuclear Multiple Quantum Coherence (HMQC)

experiment, remarkably, is an optimal TROSY experient for methyl groups[3,4], Figure

1.3. For the case of large macromolecular systems, on the order of hundred of kDa

and above, calculations show that 50% of the total signal detected from a HMQC

experiment originates from magnetisation that is slowly relaxing throughout the pulse

sequence. This is the case for only 19% of the detected signal in a HSQC experiment[3].

1.3 Thesis Outline

In the the next chapter of this thesis, models used to describe relaxation phenomena

in I3S spin-systems are derived, which are extensions of current models used. The

models presented have the benefit of being appropriate for all molecular size regimes.
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1.3. Thesis Outline

As well as this, they incorporate all appropriate relaxation mechanisms, including the

I-spin CSA, which is crucial for the case of 13CF3 spin systems. Following a derivation

of the theory, theoretical calculations of selected relaxation rates are presented, and

analysed in detail. From this, predictions on the viability of a 13CF3 moiety as a

good candidate for a TROSY methodology are made. Finally, some experimental

relaxation studies on a system intended to mimic the behaviour of biomolecules are

presented, in attempts to validate our proposed theory.

9



Chapter 2

Derivation of Theory

In order to gain a detailed, quantitative understanding of relaxation, it is necessary

to delve into quantum mechanics. In this chapter, Bloch-Wangness-Redfield (BWR)

Theory is introduced. A novel model specifically devised to describe the relaxation of

a methyl or trifluoromethyl group within a molecule is presented. By establishing this

theory, which incorporates both dipolar and CSA influences, it will become possible

to establish which magnetisations are desirable to target during a 13CF3 TROSY

experiment.

2.1 Spin Ensembles and the Density Matrix

A nuclear spin, just like any other quantum system, is described by a wavefunction,

|Ψ⟩, which provides all discernible information about it. Any spin within an NMR

sample will possess a wavefunction that consists of a linear combination of its basis

eigenkets. For a spin-1
2

nucleus, this wavefunction takes a particularly simple form if

we expand it in terms of the eigenkets of the Îz angular momentum operator:

|Ψ⟩ = cα |α⟩+ cβ |β⟩ (2.1)

To describe NMR experiments, in which the system being studied comprises a very

large ensemble of spins, in a mixed state, it is common practice to consider the density

10



2.1. Spin Ensembles and the Density Matrix

operator, defined by:

ρ̂ = |Ψ⟩ ⟨Ψ| (2.2)

where the overbar represents the average value for the entire ensemble∗. The matrix

representation of ρ̂ features elements ρba = c∗acb. For an ensemble of isolated spin-1
2

nuclei, ρ̂ is given by:

ρ̂ =

(
|α⟩ ⟨α| |α⟩ ⟨β|
|β⟩ ⟨α| |β⟩ ⟨β|

)
=

(
c∗αcα c

∗
βcα

c∗αcβ c
∗
βcβ

)
(2.3)

The ensemble-averaged expectation value of an observable corresponding to the op-

erator Ô, is given by: 〈
Ô
〉
= Tr

[
ρ̂Ô
]

(2.4)

The crux of NMR experiment analysis is to determine the time evolution of the density

matrix during a pulse sequence. It then becomes possible to evaluate the expectation

values of observables that are of interest, using 2.4.

It is common to represent the density operator as a linear combination of time-

independent operators that form a complete basis, with time-dependent coefficients:

ρ̂ =
∑
i

ci(t)Ôi (2.5)

∗Note that in following sections, the overbar indicating ensemble averaging will sometimes be
dropped for convenience, however this is implied throughout.

11



Derivation of Theory

where, for an ensemble of isolated spin-1
2

nuclei, the matrix representation of each

operator, Ôi, is defined by:

Ôi =

(
⟨α|Ôi|α⟩ ⟨α|Ôi|β⟩
⟨β|Ôi|α⟩ ⟨β|Ôi|β⟩

)
(2.6)

Two bases are conventionally used to describe an ensemble of spins, each one possess-

ing four operators for an ensemble of isolated spin-1
2

nuclei. These are the Cartesian

basis and the Single-element basis. Definitions of all the operators in these bases are

defined as follows:

Cartesian basis:

1

2
Ê =

(
1
2
0

0 1
2

)
Îx =

(
0 1

2

1
2
0

)
Îy = i

(
0 1

2

−1
2
0

)
Îz =

(
1
2

0

0 −1
2

)
(2.7)

Single-element basis:

Îα =
1

2
Ê + Îz Îβ =

1

2
Ê − Îz Î+ = Îx + iÎy Î− = Îx − iÎy (2.8)

The complete density matrix of an ensemble of isolated spin-1
2

nuclei is therefore given

by:

ρ̂ =
1

2
cEÊ + cxÎx + cy Îy + cz Îz = cαÎ

α + cβ Î
β + c+Î

+ + c−Î
− (2.9)

2.1.1 Multi-spin Systems

To construct wave functions describing a system of multiple scalar-coupled spins,

direct (Kronecker) products of the relevant single-spin wavefunctions are taken. For

12



2.2. Time Dependence of the Density Matrix

an N-spin system:

|ΨN -spin⟩ = |ψ1⟩ ⊗ |ψ2⟩ ⊗ ...⊗ |ψN⟩ (2.10)

In general, the density matrix describing an ensemble of N scalar-coupled spin-1
2

nuclei is 2N×2N in dimension, and described by a linear combination of 4N operators.

These operators are formed by taking Kronecker products of the single spin operators

descried above. The spin systems of primary interest in this thesis (13CH3 and 13CF3)

consist of 4 spin-1
2

nuclei. As such, a complete density matrix describing these systems

is 16×16 in dimension, and composed of a linear combination of 256 product operators.

2.2 Time Dependence of the Density Matrix

The time-dependence of the density operator, under the influence of a Hamiltonian,

Ĥ, is described by the Liouville-von Neumann equation[10]:

dρ̂

dt
= −i

[
Ĥ, ρ̂

]
(2.11)

A common treatment of the Hamiltonian in the context of spin dynamics is to assume

that it is composed of two separate parts:

Ĥ(t) = Ĥ0 + Ĥ1(t)

∴
dρ̂(t)

dt
= −i

{[
Ĥ0, ˆρ(t)

]
+
[
Ĥ1(t), ˆρ(t)

]} (2.12)

where Ĥ0 describes all the time-independent contributions to the Hamiltonian, and

Ĥ1(t) describes the time-dependent contributions, arising from random fluctuations

in local magnetic fields within the sample. It should be noted that the time-averaged

13



Derivation of Theory

value of Ĥ1(t), given by Ĥ1(t) is 0. As such, Ĥ1(t) has no bearing on the position

or number of peaks in spectra, though it plays a key role in the relaxation of nuclear

spin systems. The most widely utilised theory for the study of nuclear spin relaxation

was devised by Bloch, Wangsness and Redfield[12,13]. The key result of BWR theory

is the following expression describing the time-dependence of the density matrix:

∂ρ̂(t)

∂t
= −i

[
Ĥ0, ρ̂(t)

]
− ˆ̂

Γ(ρ̂(t)− ρ̂eq)

ˆ̂
Γ =

∞∫
0

[
Ĥ1(t)†,

[
e−iĤ0τĤ1(t− τ)eiĤ0τ ,

]]
dτ

(2.13)

where ˆ̂
Γ is the relaxation superoperator, and ρ̂eq is the density matrix of the ensemble

in its equilibrium state. A derivation of this result is outlined in Appendix A. The

matrix form of ˆ̂Γ comprises elements Γrs defined by:

Γrs =
⟨ρ̂s|ˆ̂Γ|ρ̂r⟩√

⟨ρ̂r|ρ̂r⟩ ⟨ρ̂s|ρ̂s⟩
(2.14)

2.3 Hamiltonians in Relaxation

It is necessary to derive the form of Ĥ1(t), the operator which describes the stochas-

tically fluctuating local interactions within an NMR sample. Hamiltonians that de-

scribe the relevant interactions which induce relaxation need to be established. Com-

mon examples of such interactions include the dipolar interaction, the chemical shift

anisotropy, and the quadrupolar interaction. This thesis focusses solely on spin-1
2

nuclei. As such, the quadrupolar interaction, which only applies when considering

nuclei that are spin-1 or higher, will not be considered. Following this, we must per-

14



2.3. Hamiltonians in Relaxation

form rotations on the Hamiltonian, in order to imitate the motion of the molecule in

solution, to work out their effects on relaxation.

2.3.1 Hamiltonians in Spin Dynamics

It is necessary to consider the different contributions to the stochastic Hamiltonian,

Ĥ1(t), in order to describe relaxation phenomena successfully. Fortunately, there

is a general framework which can be applied to all Hamiltonians relevant to spin-

relaxation. Any such Hamiltonian may be expressed as follows:

Ĥ = I⃗⊺ · Â · S⃗ (2.15)

I⃗ and S⃗ are vectors which describe the two interacting entities. These would represent

two distinct spins in the case for the dipolar interaction. When considering the CSA,

they would represent a spin and the external magnetic field, respectively. Â is a

second rank tensor that characterises the interaction. In a Cartesian axis system, the

explicit form of the Hamiltonian is defined by:

Ĥ =
(
Îx Îy Îz

)
Axx Axy Axz

Ayx Ayy Ayz

Azx Azy Azz



Ŝx

Ŝy

Ŝz

 (2.16)

The values of the elements within the tensor Â are dependent on the co-ordinate

system in which we cast it. The simplest co-ordinate system possible is such that the

15



Derivation of Theory

interaction tensor is diagonal, which is known as its Principal Axis Frame (PAF):

ÂPAF =


A11 0 0

0 A22 0

0 0 A33

 (2.17)

It is possible to split 2.17, by defining three properties of the tensor; the isotropy, the

anisotropy, and the asymmetry :

Aiso =
1

3
(A11 + A22 + A33) Aaniso =

1

3
(A33 − A11) Aasymm =

A22 − A11

A33 − A11

(2.18)

Using the quantities defined in 2.18, ÂPAF can be written as:

ÂPAF = Aiso


1 0 0

0 1 0

0 0 1

+ Aaniso


−1 0 0

0 −1 0

0 0 2

+ AasymmAaniso


1 0 0

0 −2 0

0 0 1

 (2.19)

Whilst the PAF is the most convenient way to express a particular Hamiltonian, it

necessary to express the Hamiltonian in terms of a set of co-ordinates that rotate

relative to the internal co-ordinates of the molecule. We call such a system the

Laboratory Frame. However, before converting to the laboratory frame, establishment

of the fixed orientations of the interaction tensors relative to each other is required.

Doing this brings the system into the Molecular Frame. In the following section, the

necessary theory of rotations required to achieve such transformations is outlined.
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2.3. Hamiltonians in Relaxation

2.3.2 Relevant Theory of Rotations

A general rotation, by Euler angles (α, β, γ), applied to a Hamiltonian is given by:

Ĥrot =
ˆ̂
R(α, β, γ)[I⃗⊺ · Â · S⃗] = I⃗⊺ · R̂(α, β, γ)ÂR̂−1(α, β, γ) · S⃗ (2.20)

The z-y-z convention is commonly used, where an object is first rotated by the angle

γ about the z-axis, then by the angle β about the y-axis, and finally by the angle α

about the z-axis. As such, R̂(α, β, γ) is defined by:

R̂(α, β, γ) =


cosα − sinα 0

sinα cosα 0

0 0 1



cos β 0 − sin β

0 1 0

sin β 0 cos β



cos γ − sin γ 0

sin γ cos γ 0

0 0 1

 (2.21)

Whilst performing rotations on the PAF Hamiltonian in the form already presented

is perfectly valid, these rotations will be far more manageable by changing the basis

of operators that are used to describe it. The basis of choice is that of the irreducible

spherical tensor operators. There are 5 2nd-rank spherical tensor operators, T̂ (2)
k ,

where k takes the values −2 to 2 in integer steps. The result of applying a general

rotation by Euler angles (α, β, γ) on a spherical tensor operator of rank 2 is as follows:

ˆ̂
R(α, β, γ)T̂

(2)
k =

2∑
k′=−2

D
(2)

k′,k(α, β, γ)T̂
(2)

k′ (2.22)

Where D
(2)

k′,k(α, β, γ) are the elements of the the 2nd-rank Wigner D-Matrix. The

elements of this matrix are related to those of the reduced 2nd-rank Wigner Matrix,

17



Derivation of Theory

n = 1 n = 2 n = 3
k = −2 1

2
Î−Ŝ− - -

k = −1 1
2
ÎzŜ

− 1
2
Î−Ŝz -

k = 0
√

2
3
ÎzŜz −1

4

√
2
3
Î+Ŝ− −1

4

√
2
3
Î−Ŝ+

k = 1 −1
2
ÎzŜ

+ −1
2
Î+Ŝz -

k − 2 1
2
Î+Ŝ+ - -

Table 2.1: The full set of terms, T (2)
k,n, that make up the spherical tensor operators,

T̂
(2)
k . The range of values n takes depends on the value of k. For k = ±2, n = 1 only.

For k = ±1, n = 1, 2. Finally, for k = 0, n = 1, 2, 3.

d
(2)

k′,k(β), according to:

D
(2)

k′,k(α, β, γ) = e−ik′αd(2)
k′,k(β)e

−ikγ (2.23)

Where the reduced 2nd-rank Wigner Matrix is defined as follows:



(1+cosβ)2

4
− (1+cosβ) sinβ

2

√
3
8
sin2 β − (1−cosβ) sinβ

2
(1−cosβ)2

4

(1+cosβ) sinβ
2

cosβ−1
2

+ cos2 β −
√

3
8
sin 2β cosβ+1

2
− cos2 β − (1−cosβ) sinβ

2√
3
8
sin2 β

√
3
8
sin 2β 3 cos2 β−1

2
−
√

3
8
sin 2β

√
3
8
sin2 β

(1−cosβ) sinβ
2

cosβ+1
2

− cos2 β
√

3
8
sin 2β cosβ−1

2
+ cos2 β − (1+cosβ) sinβ

2

(1−cosβ)2

4
(1−cosβ) sinβ

2

√
3
8
sin2 β (1+cosβ) sinβ

2
(1+cosβ)2

4


(2.24)

Some of the spherical tensor operators consist of sums of linear combinations of op-

erators. It will become highly beneficial when deriving an expression for ˆ̂
Γ to split

these particular tensors into terms containing single operators, as follows:

T̂
(2)
k =

∑
n

T̂
(2)
k,n (2.25)

The full set of T̂ (2)
k,n terms are given in Table 2.1.
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2.3. Hamiltonians in Relaxation

2.3.3 Transforming a Hamiltonian into the Molecular Frame

With this framework for rotations established, we now look to express ĤPAF in terms

of spherical tensor operators. Using the definition of ÂPAF in 2.19, ĤPAF takes the

following form:

ĤPAF =Aiso

(
ÎxŜx + ÎyŜy + ÎzŜz

)
︸ ︷︷ ︸

1○

+Aaniso

(
−ÎxŜx − ÎyŜy + 2ÎzŜz

)
︸ ︷︷ ︸

2○

+ AanisoAasymm

(
ÎxŜx − 2ÎyŜy + ÎzŜz

)
︸ ︷︷ ︸

3○

(2.26)

By noting the relations ÎxŜx = 1
4

(
Î+ + Î−

)(
Ŝ+ + Ŝ−

)
and

ÎyŜy = −1
4

(
Î+ − Î−

)(
Ŝ+ − Ŝ−

)
, the components of the Hamiltonian that are af-

fected by rotation† can be re-expressed as follows:

2○ =
√
6AanisoT̂

(2)
0

3○ =
1

2
AanisoAasymm

(
3(T̂

(2)
2 + T̂

(2)
−2 )−

√
6T̂

(2)
0

) (2.27)

In this thesis it is assumed that all contributions to Ĥ1(t) solely have an anisotropic

contribution‡, such that:

ĤPAF = Ĥiso +
√
6AanisoT̂

(2)
0 (2.28)

†The isotropic component of a Hamiltonian, 1○, is invariant to rotation, and as such does not
contribute to relaxation. It is incorporated in the time-independent Hamiltonian, Ĥ0.

‡A useful simplification arises by assuming that the interaction tensors are axially symmetric (i.e.
Aasymm = 0). A rotation of an axially symmetric tensor, aligned along the z-axis, about the z-axis
has no effect. We therefore only require two angles to describe the rotation of such tensors, β and α.
These correspond to the polar (θ) and azimuthal (ϕ) angles used in the spherical polar co-ordinate
system.
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Derivation of Theory

In order to bring the Hamiltonian into the molecular frame, a time-independent ro-

tation, Ω, is applied to it:

Ĥmol = Ĥiso +
√
6Aaniso

2∑
k=−2

D
(2)
k,0(Ω)

∑
n

T̂
(2)
k,n (2.29)

where Ω = (α, β)

2.3.4 Bringing a Hamiltonian into the Laboratory Frame

A general interaction Hamiltonian in the Laboratory frame is generated by rotating

2.29 in a way that mimics the motion of the system of interest. This is achieved by

applying time-dependent rotations to the Hamiltonian. If a single ’type’ of motion

occurs, the Laboratory Frame Hamiltonian takes the form:

ĤLab = Ĥiso +
√
6Aaniso

2∑
m=−2

2∑
k=−2

D
(2)
m,k(t)D

(2)
k,0(Ω)

∑
n

T̂
(2)
k,n (2.30)

This form is appropriate for describing a Hamiltonian following the global rotation of

the molecule, with the absence of any locally defined motion affecting it. For example,

15N-1H pairs in the amide backbone can be adequately described in this fashion. In

contrast, describing the motion of I3S spin systems, such as methyl groups, is not

appropriate using 2.30. In this case, the methyl group rotates rapidly about its

threefold symmetry axis, whilst also following the global motion of the molecule as a

whole. An extra rotation to account for this methyl rotation is necessary. To consider

the form of such a Hamiltonian, we start, again, at 2.29. To describe the motion of
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2.3. Hamiltonians in Relaxation

z z

z

τm

z

τc

z z

z

τm

z

τc

z z

z

τm

z

τc

z z

z

τm

z

τc

i. ii. iii. iv.

Molecular frame Laboratory frame

Rotate about
methyl C3 axis

Rotate system
globally

Ω

PAF

Rotate by angle Ω
Rotate by angle Ω

Figure 2.1: The sequence of rotations applied to the interaction tensors using the

methyl rotation model. i. The tensor is initially aligned along the z-axis of the PAF. ii.

It is then rotated into the molecular frame by the angle Ω(α, β). iii. It is then allowed to

rotate about the z-axis, which is defined to be the threefold rotation axis of the methyl

group, characterised by correlation time τm. iv. Finally, the whole system is allowed to

undergo spherical isotropic motion, characterised by correlation time τc.

the I3S moiety, this Hamiltonian is operated on by a rotation, ˆ̂
Rmethyl:

ĤLab = Ĥiso +
√
6Aaniso

ˆ̂
Rmethyl

2∑
k=−2

D
(2)
k,0(Ω)

∑
n

T̂
(2)
k,n (2.31)

The z-axis is assumed to be the methyl rotation axis. As a result, the angle β, which

describes rotation about the y-axis, is set to 0. Only diagonal elements of the Wigner

D-Matrix which describe rotation about the methyl axis will be non-zero, which can

be seen by inspecting 2.24. Incorporating methyl rotation, and subsequently global

tumbling into the Hamiltonian therefore yields:

ĤLab = Ĥiso +
√
6Aaniso

ˆ̂
Rc

ˆ̂
Rm

2∑
k=−2

D
(2)
k,0(Ω)

∑
n

T̂
(2)
k,n (2.32)
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Derivation of Theory

where the rotation matrices, ˆ̂
Rm and ˆ̂

Rc, which correspond to local methyl rotation

and global tumbling respectively, are given by:

ˆ̂
Rm =




D
(2)m
−2,−2 0 0 0 0

0 D
(2)m
−1,−1 0 0 0

0 0 D
(2)m
0,0 0 0

0 0 0 D
(2)m
1,1 0

0 0 0 0 D
(2)m
2,2



,
ˆ̂
Rc =




D
(2)c
−2,−2 D

(2)c
−2,−1 D

(2)c
−2,0 D

(2)c
−2,1 D

(2)c
−2,2

D
(2)c
−1,−2 D

(2)c
−1,−1 D

(2)c
−1,0 D

(2)c
−1,1 D

(2)c
−1,2

D
(2)c
0,−2 D

(2)c
0,−1 D

(2)c
0,0 D

(2)c
0,1 D

(2)c
0,2

D
(2)c
1,−2 D

(2)c
1,−1 D

(2)c
1,0 D

(2)c
1,1 D

(2)c
1,2

D
(2)c
2,−2 D

(2)c
2,−1 D

(2)c
2,0 D

(2)c
2,1 D

(2)c
2,2




(2.33)

An illustration describing the various rotation processes that are applied to an inter-

action tensor, using this model, is presented in Figure 2.1. The Hamiltonian, for an

individual interaction, using the methyl rotation model is therefore given by:

ĤLab = Ĥiso +
√
6Aaniso

2∑
m=−2

2∑
k=−2

D
(2)c
m,k(t)D

(2)m
k,k (t)D

(2)
k,0(Ω)

∑
n

T̂
(2)
k,n (2.34)

2.3.5 Relaxation-Inducing Interactions

With the general framework established above, it is now a good time to consider some

specific interactions that are of interest in the context of nuclear spin relaxation.

The Dipolar Interaction

The dipolar interaction is the direct interaction between two magnetic dipoles, as

a result of one of the dipoles experiencing the magnetic field emanating from the

other dipole, and vice-versa. The interaction is time-averaged to zero in solution, as

the interaction is modulated by molecular diffusion. Despite this, the instantaneous

dipolar interaction that two spins experience at any given time is one of the key

mechanisms that induces relaxation in NMR. This principle is illustrated in Figure

2.2.
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2.3. Hamiltonians in Relaxation

�B0

�rIS

�rIS

Figure 2.2: An illustration of the dipolar interaction between two spins. Each dipole

experiences the magnetic field emanating from the other dipole. The instantaneous

magnetic field that the red spin experiences from the purple spin changes with time,

due to molecular motion. It is this fluctuation in the local magnetic field that induces

relaxation. Note that in this case, the two spins are assumed to be separated by a

constant distance, as a result of chemical bonding.

The anisotropy constant, Adipolar
aniso = dIS, is given by:

dIS =
(µ0

4π

) γIγSℏ
r3IS

(2.35)

where γI and γS are the gyromagnetic ratios of the two spins, and rIS is the distance

that separates them. Note that the dipolar interaction does not feature an asymmetric

component.

The Chemical Shift Interaction

The chemical shift interaction describes the generation of secondary magnetic fields

about nuclear spins as a result of the motion of electrons induced by the external

magnetic field, B⃗0. This interaction, whilst also having an isotropic component, which

directly impacts the position of peaks in spectra, often possesses both anisotropic and

asymmetric components. This is a result of an uneven distribution electron density

about a nucleus. However, it will be assumed that the chemical shift tensor is axially
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symmetrical, which is a treatment commonly adopted. The constant ACS
aniso = cI is

given by:

cI = γIB0∆σI (2.36)

where B0 is the magnetic field strength and ∆σI, the anisotropy of the tensor, is given

by A33 − A11.

2.4 Relaxation Models

2.4.1 Spherical Isotropic Motion

The relaxation superoperator, ˆ̂Γ, is defined in 2.13. The time-dependent Hamiltonian,

Ĥ1(t), is simply a sum of all individual Hamiltonians that describe the relaxation

mechanisms present in the spin-system of interest. For the case where the Hamil-

tonians may be simply described by one type of global motion, Ĥ1(t) adopts the

form:

Ĥ1(t) =
∑
i

Ĥ i
aniso(t)

=
√
6
∑
i

Ai
aniso

2∑
m=−2

2∑
k=−2

D
(2)
m,k(t)D

(2)
k,0(Ωi)

∑
n

T̂
(2)
i,k,n

(2.37)

where the expression spans all i interactions considered. As a result, the relaxation

superoperator can be written in the following form:

ˆ̂
Γ =6

∑
i1,i2

Ai1
anisoA

i2
aniso

2∑
m1=−2

2∑
m2=−2

2∑
k1=−2

2∑
k2=−2

∑
n1,n2

∞∫
0

D
(2)∗
m1,k1

(t)D
(2)∗
k1,0

(Ωi1)

D
(2)
m2,k2

(t− τ)D
(2)
k2,0

(Ωi2)
[
T̂

(2)†
i1,k1,n1

,
[
e−iĤ0τ T̂

(2)
i2,k2,n2

eiĤ0τ ,
]]
dτ

(2.38)
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Moving all time-independent terms outside of the integral, an acting the exponential

operators on the operator T̂ (2)
i2,k2,n2

results in:

ˆ̂
Γ =6

∑
i1,i2

Ai1
anisoA

i2
aniso

2∑
m1=−2

2∑
m2=−2

2∑
k1=−2

2∑
k2=−2

D
(2)∗
k1,0

(Ωi1)D
(2)
k2,0

(Ωi2)
∑
n1,n2[

T̂
(2)†
i1,k1,n1

,
[
T̂

(2)
i2,k2,n2

,
]] ∞∫

0

D
(2)∗
m1,k1

(t)D
(2)
m2,k2

(t− τ)e−iωk2,n2
τdτ

(2.39)

This expression can be simplified by noting that the correlation function, for the case

of spherical isotropic rotation, is given by[14]:

D
(2)∗
m1,k1

(t)D
(2)
m2,k2

(t− τ) =
δm1,m2δk1,k2

5
e−

τ
τc (2.40)

where τc is the rotational correlation time. In an isotropic solution, τc is roughly the

rotational correlation time of the molecule, defined as the average time taken for the

molecule to be deflected by 1 radian[15]. The Kronecker Delta functions, δm1,m2 and

δk1,k2 indicate that only terms for which m1 = m2 = m and k1 = k2 = k will be

non-zero, such that:

ˆ̂
Γ =

6

5

∑
i1,i2

Ai1
anisoA

i2
aniso

2∑
m=−2

2∑
k=−2

∑
n1,n2

D
(2)∗
k,0 (Ωi1)D

(2)
k,0(Ωi2)

[
T̂

(2)†
i1,k,n1

,
[
T̂

(2)
i2,k,n2

,
]] ∞∫

0

e−
τ
τc e−iωk,n2

τdτ

(2.41)

The real part of the integral on the right hand side of 2.41 is called the spectral density

function, J(τc, ωk,n2), which takes the form:

J(τc, ωk,n2) = Re

 ∞∫
0

e−
τ
τc e−iωk,n2

τdτ

 =
τc

1 + ω2
k,n2

τ 2c
(2.42)
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The imaginary component can be incorporated into Ĥ0, and thus has no impact on

relaxation[15]. Note that there are no longer any components in this expression that

are dependent of m, so the summation over this index is redundant. A final expression

for the rate of relaxation of density matrix element ρ̂rs is given by:

Γrs =
6

5

∑
i1,i2

Ai1
anisoA

i2
aniso

2∑
k=−2

D
(2)∗
k,0 (Ωi1)D

(2)
k,0(Ωi2)

∑
n1,n2

〈
ρ̂s

∣∣∣[T̂ (2)†
i1,k,n1

,
[
T̂

(2)
i2,k,n2

, ρ̂r

]]〉
√

⟨ρ̂r|ρ̂r⟩ ⟨ρ̂s|ρ̂s⟩
J(τc, ωk,n2)

(2.43)

I illustrate a rigorous calculation of certain relaxation rates in an IS spin system using

this model in Appendix B.

2.4.2 Methyl Rotation

Using the definition of Ĥ1(t) in 2.34, and applying similar adjustments to those pre-

sented in Section 2.4.1, the relaxation superoperator takes the following form:

ˆ̂
Γ =6

∑
i1,i2

Ai1
anisoA

i2
aniso

2∑
m1=−2

2∑
m2=−2

2∑
k1=−2

2∑
k2=−2

∑
n1,n2

D
(2)∗
k1,0

(Ωi1)D
(2)
k2,0

(Ωi2)

[
T̂

(2)†
i1,k1,n1

,
[
T̂

(2)
i2,k2,n2

,
]] ∞∫

0

D
(2)c∗
m1,k1

(t)D
(2)m∗
k1,k1

(t)D
(2)c
m2,k2

(t− τ)D
(2)m
k2,k2

(t− τ)e−iωk2,n2
τdτ

(2.44)

Assuming the motion of the methyl group, and the global tumbling are independent,

the 4-term correlation function can be split into two separate correlation functions.

The first of these, in analogous fashion to 2.40, is given by:

D
(2)c∗
m1,k1

(t)D
(2)c
m2,k2

(t− τ) =
δm1,m2δk1,k2

5
e−

τ
τc (2.45)
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Woessner Modeli. Diffusive Modelii.

Figure 2.3: Illustrations of the two types of methyl motion considered in this thesis.

i. In the Woessner Model, the three I-spins rapidly exchange between three fixed sites.

ii. In the Diffusive Model, the three I-spins are able to rotate freely about a ring, whilst

maintaining a their relative orientations to each other.

The second of these, involving the Wigner D-elements corresponding to rotation about

the methyl axis, differ depending on the motional model that is adopted. Two models

are considered:

1. The I-spins rapidly interchange by undergoing jumps between three different

permitted sites. Such a model is often referred to as the Woessner Model [16].

2. The I-spins are able to undergo random rotational diffusion, whilst maintaining

a fixed orientation relative to each other. This will be referred to as the Diffusive

Model.

Illustrations of these models are presented in Figure 2.3. The correlation function

adopts the following form[17]:

D
(2)m∗
k1,k1

(t)D
(2)m
k2,k2

(t− τ) = δk1,k2e
− k2DWτ

τm (2.46)

The constant kDW adopts different values depending on the model adopted, which are

given in Table 2.2. Accounting for these identities, the expression for ˆ̂
Γ collapses to:
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k kDW, Woessner kDW, Diffusive
0 0 0
±1 ±1 ±1
±2 ±1 ±2

Table 2.2: The values adopted by the constant, kDW, which is dependent of the value

of k, and the methyl rotation model considered.

ˆ̂
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(
τcτm

τm + τck2DW
, ωk,n2

)
(2.47)

where J
(

τcτm
τm+τck2DW

, ωk,n2

)
, the spectral density function for this model, is given by:

J

(
τcτm

τm + τck2DW
, ωk,n2

)
=

τcτm
τm+τck2DW

1 +
(

τcτm
τm+τck2DW

)2
ω2
k,n2

(2.48)

With the theory established, the attention now moves to comparing the relaxation

models outlined in this chapter, along with models already presented in the literature.

The next chapter outlines some theoretical relaxation rate calculations on I3S spin

systems that have been conducted in an attempt to achieve this. After this, some

calculations comparing relaxation in 13CH3 and 13CF3 moieties are used to predict

the viability of a trifluoromethyl moiety as an effective TROSY probe.
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Chapter 3

Theoretical Calculations

The simulate NMR experiments, it will be necessary to determine the relaxation rates

of all coherences that exist. For an I3S spin system, this requires determining all the

matrix elements, Γrs, of the 256× 256 relaxation superoperator. These elements will

give great insight into how well different NMR experiments will perform. As a step

towards achieving this, a python programme was developed from code written within

the Baldwin group, in order to implement the relaxation models presented in Section

2.4. This script produces symbolic rate expressions as an output. For numerical

considerations, a programme able to parse the symbolic outputs was created for this

thesis. Explicit examples of calculations using these scripts are presented below.

Highly detailed insights can be made about relaxation phenomena in I3S spin-systems

as a result.

3.1 Relaxation Rates Considered

A selection of relaxation rate calculations utilising the models established are pre-

sented in the subsequent sections of this chapter. The rates chosen were those

of S-spin single-quantum coherences. These coherences correspond to the product

operators Ŝααα+, Ŝααβ+, Ŝαββ+, and Ŝβββ+, whose rates are given by Γi
2,C, where

i ∈ {ααα, ααβ, αββ, βββ}. These are responsible for the observable signal in 13C

NMR experiments, giving rise to a quartet peak structure, Figure 3.1. Relaxation
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Operator Definition
Ŝααα+ Îα1 Î

α
2 Î

α
3 Ŝ

+

Ŝααβ+ Îα1 Î
α
2 Î

β
3 Ŝ

+ + Îα1 Î
β
2 Î

α
3 Ŝ

+ + Îβ1 Î
α
2 Î

α
3 Ŝ

+

Ŝαββ+ Îα1 Î
β
2 Î

β
3 Ŝ

+ + Îβ1 Î
α
2 Î

β
3 Ŝ

+ + Îβ1 Î
β
2 Î

α
3 Ŝ

+

Ŝβββ+ Îβ1 Î
β
2 Î

β
3 Ŝ

+

Table 3.1: Definitions of product operators which describe the S-spin single quantum

coherences.

rates of these coherences can be determined rather easily experimentally, making

it possible to assess the effectiveness of our relaxation models. Table 3.1 provides

explicit definitions of the relevant operators using the single-element basis. All relax-

ation rates considered are auto-relaxation rates, corresponding to diagonal elements

of the relaxation super operator (i.e. Γr,r, where r is one of the product operators

listed in Table 3.1).

3.2 13C Transverse Rates in a Methyl Moiety

A significant amount of literature exists describing methyl relaxation rates, primarily

due to the emergence of methyl-TROSY as a well established technique for studying

high mass biomolecules. Expressions describing 13C transverse relaxation rates, Γi
2,C,

have been presented previously in the literature, using different assumptions. A couple

of these descriptions are now outlined, before we extend the treatment.

3.2.1 Previous Accounts

Ollerenshaw et al., 2003

In a paper illustrating the theoretical underpinning of methyl-TROSY, Ollerenshaw et

al. presented remarkably simple expressions of the rates[3]. Only dipolar interactions

were considered. The methyl moiety’s rotational motional motion about its C3 axis
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3.2. 13C Transverse Rates in a Methyl Moiety

Figure 3.1: A simulated 1D 13C spectrum of a methyl moiety. A quartet of peaks are

present, as a result of scalar coupling between the 13C nucleus and the 1H nuclei. The

four peaks appear at frequencies ωC−3πJCH, ωC−πJCH, ωC+πJCH, and ωC+3πJCH,

respectively, where ωC is the resonance frequency of the 13C nucleus. Each peak is

labelled by the product operator that corresponds to the signal it derives from.

was assumed to be infinitely fast. On top of what is presented in Section 2.4.2, an

additional type of motion was included - that of the methyl symmetry axis. In Chapter

2, the motion of the symmetry axis is assumed to be perfectly correlated with the rest

of the molecule. The possibility of this not being the case is approximated by a model-

free approach, first described by Lipari and Szabo[18]. Moreover, the macromolecular

limit was invoked, in which it is assumed that ωSτc ≫ 1, where ωS corresponds to the

13C Larmor frequency. In this limit, all spectral density terms for which ω ̸= 0 are

negligibly small, and thus do not contribute to the rate expression. A term accounting

for dipolar interactions with external protons was also included. NMR spectra are

conventionally run on samples with high levels of deuteration in order to reduce such

external interactions∗. Labelling strategies specific to the methyl-TROSY technique

have been developed with this intention[19]. Despite this, external dipolar interactions

can still a have marked impact on relaxation rates, such that a full-scale calculation
∗Incorporation of deuterium into the sample reduces external dipolar interactions, on account of

the smaller gyromagnetic ratio of deuterium, relative to proton (γH ≈ 6γD)
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Theoretical Calculations

should include them.

Hansen et al., 2009

Less drastic approximations were presented by Hansen et al.[17] As well as dipolar

interactions, the CSA of the 13C nucleus was included as a mechanism able to induce

relaxation. The Woessner Model, described in Chapter 2, was invoked to describe

methyl rotation. Spectral density terms, J (τc, ω)
† with ω = ωS were included along

as those with ω = 0. It was again assumed that methyl rotation is rapid relative to

the global motion of the molecule, meaning τc ≫ τm. In this limit, spectral density

terms, J
(

τcτm
τm+τck2DW

, ωk,n2

)
, for which kDW ̸= 0, reduce to τm

k2DW
= τm.

To account for external interactions from remote protons, an additional term, 3
2
Γsel,

was included, where Γsel = Γzz
1,H − Γz

1,H. Γz
1,H and Γzz

1,H are the auto-relaxation rates

of the operators 2ÎzŜz and 4Îz ÎzŜz respectively‡. This term stems from methyl pro-

ton longitudinal relaxation, driven by dipolar couplings with external protons. Such

interactions are able to ’flip’ the spin state of the external protons, and leads to an

additional source of relaxation in the methyl moiety. Explicit expressions of Γz
1,H and

Γzz
1,H were not presented by Hansen et al., though Γzz

1,H − Γz
1,H was said to scale with

J(τc, 0) in the macromolecular limit. The desired term was obtained by using our

result, and invoking the macromolecular limit.

3.2.2 Comparison of the Models

The accounts in Section 3.2.1 were compared with the spherical isotropic, Woess-

ner and diffusive models presented in Chapter 2. This was done by assuming a
†These spectral densities arise when kDW = 0
‡2ÎzŜz = 2Î1zŜz + 2Î2zŜz + 2Î3zŜz, and 4Îz ÎzŜz = 4Î1z Î2zŜz + 4Î1z Î3zŜz + 4Î2z Î3zŜz
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3.2. 13C Transverse Rates in a Methyl Moiety

Interaction tensor (α, β)
dIS(1) (0◦, 109.47◦)
dIS(2) (120◦, 109.47◦)
dIS(3) (240◦, 109.47◦)
dII(1) (90◦, 270◦)
dII(2) (90◦, 210◦)
dII(3) (90◦, 150◦)
cS (0◦, 0◦)
cI(1) (0◦, 109.47◦)
cI(2) (120◦, 109.47◦)
cI(3) (240◦, 109.47◦)

Table 3.2: The angles characterising the rotations of all interaction tensors into the

Molecular frame.

13C1H3 moiety, with a perfect tetrahedral geometry, such that the angle β between

the threefold rotation axis and the C-H bond vectors is cos−1(−1
3
) ≈ 109.47◦. Dipolar

interactions with spins external to the methyl group were accounted for by assuming

a single external proton was present, at an average distance of 3Å from the methyl

protons. The other parameters of relevance are stated in the caption of Figure 3.2.

Explicit expressions derived from all relaxation models are presented in Appendix

C. The angles of rotations applied to each tensor, to bring them into the molecular

frame, are given in Table 3.2.

In Figure 3.2, plots ii., and v. show very good agreement for large values of τc. This is

exactly what is expected, since the both sets of expressions for the rates were derived

using the Woessner model, but Hansen et al. apply the macromolecular limit. There

are relatively marked differences in behaviour between the Woessner model (plot ii.)

and the diffusive model (plot i.) when considering more rapid tumbling (smaller τc

values). The trend for a decrease in rates with increasing τc in the region of τc ≈ 10−9s

is not something that was anticipated, and its origin is discussed below. The result

of Ollerenshaw et al. resembles plots i., ii., and v. somewhat in the macromolecular

limit. However, inclusion of the 13C CSA causes the rates of the other methyl rota-
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v. Hansen et al., 2009

i = ααα

i = ααβ

i = αββ

i = βββ

Diffusive Model

Woessner Model

New models, derived in Chapter 2

Figure 3.2: Plots of relaxation rate versus global tumbling correlation time, τc, for

various I3S relaxation models. Parameters used: B0 = 14.1T, corresponding to a

600MHz spectrometer, γS = 67.283×106rad s−1T−1, γI = 267.513×106rad s−1T−1,

rIS = rII = 1.09Å, θ = 109.47◦, τm = 50ps, ∆σS = 20ppm, ∆σI = 1ppm, Saxis = 1

(this is described in Appendix D). All plots have the results of the diffusive and Woessner

model calculations superimposed, for easy comparison.
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3.2. 13C Transverse Rates in a Methyl Moiety

tion models to deviate from this model. The plots suggest that the carbon CSA has

a noticeable, but non-dominating impact on the rates in the macromolecular limit.

It is clear that the spherical isotropic model in iii. is inappropriate, primarily as there

is a gross overestimation of the inner line (ααβ and αββ) relaxation rates, relative to

the models that incorporate methyl rotation.

3.2.3 Investigating Individual Contributions to the Rates

The complete set of rate expressions derived are given in Appendix D, however in

order to gain a more in-depth understanding of the form of the plots in Figure 3.2,

rate of one specific line in the quartet: ααα (red) was considered in detail. Despite

the very large number of terms that feature in the rate expressions, only a few terms

tend to contribute significantly with any given value of τc, and some always have

a negligible impact. Over the entire range of τc considered in Figure 3.2, a very

good approximation of Γααα
2,C , using the Diffusive and Woessner Models is given by the

expression:

Γααα
2,C ≈1

5
d2ISJ(τc, 0) +

4

15
dIScSJ (τc, 0) +

4

45
c2SJ (τc, 0)

+
3

20
d2ISJ(τc, ωC) + d2II

[
27

80
J

(
τcτm

τm + k2DWτc
, ωI

)
+

9

20
J (τc, ωI)

+
27

20
J

(
τcτm

τm + k2DWτc
, 2ωI

)
+

9

20
J (τc, 2ωI)

]
+ Γext

(3.1)

where kDW = 1 (2) in the case of the Woessner (diffusive) model. Γext contains all

contributions due to dipolar interactions with external nuclei. This is given by:

Γext =
3

20
[J(τc, 0) + 3J(τc, ωI) + 6J(τc, 2ωI)]

∑
i

d2II,i (3.2)
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where the summation spans all the i external nuclei considered, and dII,i is given by:

dII,i =
(µ0

4π

) γ2I ℏ
r3II,i

(3.3)

rII,i is the average distance separating external proton i from the methyl protons.

Plots i. and ii. in Figure 3.3 show the variation of Γααα
2,S with τc, using the both

Woessner and diffusive models. Also, the individual contributions stated in 3.1 are

plotted. Note that external contributions have been neglected in these plots. It

can be seen that terms arising from 1H-1H dipolar interactions dominate when faster

tumbling is considered (i.e. on the left-hand side of the plots). This is the case for

two reasons: (a) the constant d2II =
µ2
0γ

4
I ℏ

2

16π2r6II
is large, owing to the large gyromagnetic

ratio of 1H. (b) the spectral density terms J (τc, ωI) and J (τc, 2ωI) are of significant

magnitude for small τc values, having maxima at τc = 1.67 × 10−9s and τc = 8.33 ×

10−10s, respectively§. Contributions containing spectral densities that possess smaller

frequencies (i.e. 0, ωS etc.) are comparatively negligible at these τc values. It is

these terms that are the major source of deviation between plots ii. and v. in Figure

3.2. Whilst the Woessner model is employed in both cases, spectral density terms,

J (τc, ω), involving frequencies ωI and 2ωI are neglected by Hansen et al.

It is also in this region of the plot where the Diffusive and Woesssner models show

the greatest deviations from each other. The lower rates predicted by the diffusive

model are a result of the terms corresponding to the grey and orange lines in Figure

3.3. These terms are of a smaller magnitude when the diffusive model is considered, as

they have spectral densities with kDW = 2 associated with them. With the Woessner

§These maxima occur when dJ(τc,ω)
dτc

= 0, which corresponds to τc = | 1ω |.
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Figure 3.3: Plots of relaxation rate versus global tumbling correlation time, τc, for the

ααα peak in the 13C quartet (black lines), using the Woessner model (i.) and diffusive

model (ii.). Individual terms in the rate expressions that contribute significantly over

any range of τc are also plotted (coloured lines). All other terms reside within the yellow

shaded region (or below the scale) for all τc values, and do not contribute to the rate in

a significant manner in any region of the plot. The terms that cause differences between

the two models are highlighted.
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model, these terms have kDW = 1 instead.

When larger values of τc are considered, the relaxation rates enter a linear regime,

which corresponds to the macromolecular limit. This is since terms with spectral

densities possessing frequency 0 become dominant:

J(τc, 0) = τc (3.4)

For both the Diffusive and Woessner Models, the expressions for all four rates collapse

as follows, when only J(τc, 0) terms are considered:

Γααα
2,S ≈ τc

45

(
9d2IS + 12dIScS + 4c2S

)
+

3τc
20

∑
i

d2II,i

Γααβ
2,S ≈ τc

45

(
d2IS + 4dIScS + 4c2S

)
+

3τc
20

∑
i

d2II,i

Γαββ
2,S ≈ τc

45

(
d2IS − 4dIScS + 4c2S

)
+

3τc
20

∑
i

d2II,i

Γβββ
2,S ≈ τc

45

(
9d2IS − 12dIScS + 4c2S

)
+

3τc
20

∑
i

d2II,i

(3.5)

From Figure 3.3, it is clear that the first term in these expressions, proportional to

d2IS, is dominant in this limit, though 13C CSA contributions do also contribute to a

noticeable extent.

3.2.4 Summarising the Results

The rate expressions presented by Ollerenshaw et al. are impressively accurate for

methyl groups in molecules with large τc values, despite their simplicity relative to

other models considered. This boils down to the fact that one particular term, arising

from 13C-1H dipolar interactions, dominates the relaxation behaviour in the macro-
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molecular limit. Using fewer approximations, and crucially incorporating 13C CSA

contributions, the model presented by Hansen et al. is highly accurate in the macro-

molecular limit. Their model and has been implemented in relaxation studies of

methyls in proteins[17], indicating its validity. However, this model would be inade-

quate for calculations involving 13CF3 moieties, since no consideration of the I-spin

CSA is made. Whilst justifiable for methyl groups, where ∆σH is typically negligibly

small, only models which include I-spin CSAs are likely to be appropriate for 13CF3

studies.

3.3 Comparing 13CH3 with 13CF3

In order to gain a preliminary insight into the relative relaxation behaviour of 13CF3

versus 13CH3, the auto-relaxation rates of 13C single-quantum coherences were cal-

culated. The results of these calculations are shown in Figure 3.4. It can be seen

from these plots that all the relaxation rates are predicted to be lower for the tri-

fluoromethyl moiety, relative to methyl, at all τc values. The 13CF3 plots have been

effectively translated down the y-axis slightly, relative to the 13CH3 plots. This is of

course highly promising from a TROSY perspective, where generating slowly relaxing

magnetisations is the goal.

The major cause of the reduced 13CF3 rates, relative to methyl is due to differences

in dipolar couplings. The distances between the nuclei in the 13CF3 moiety (1.33Å)

were set to be larger relative to the 13CH3 distances (1.09Å). Also, the gyromagnetic

ratio of 19F is slightly smaller than that of 1H. These factors result in weaker dipolar

interactions between the trifluoromethyl spins. The implication of these plots is that
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Figure 3.4: Plots of transverse 13C relaxation rates versus global tumbling correlation

time, τc, for 13CH3 and 13CF3, using the Woessner Model. Parameters used: B0 =

14.1T, γC = 67.283×106rad s−1T−1, γH = 267.513×106rad s−1T−1, γF = 251.662×
106rad s−1T−1, rCH = rHH = 1.09Å, rCF = rFF = 1.33Å, β = 109.47◦, τm =

50ps, ∆σC = 20ppm, ∆σH = 1ppm, ∆σF = 140ppm. A single external proton was

considered, at an average distance of 3Å from the 1H/19F nuclei.

dipolar interactions are still the dominant relaxation-inducing mechanism in 13CF3,

despite the significantly elevated magnitude of the I-spin CSA. The impact of the 19F

CSA should however be augmented as the magnetic field strength is increased¶.

3.3.1 Effect of Field Strength on 13CF3 Rates

NMR spectrometers operating at 1H Larmor frequencies of the order of gigahertz now

exist, though these are not particularly commonplace at the time of writing. In order

to assess the impact of higher field strengths on 13CF3 relaxation rates, calculation

ii. in Figure 3.4 (corresponding to transverse 13C rates) was repeated, with B0 set to

23.49T (corresponding to a 1GHz spectrometer).

There are changes to all the relaxation rates when B0 is increased, as can be seen in

Figure 3.5. This indicates that chemical shift anisotropy effects are becoming more
¶It can be seen from 2.35 and 2.36 that cI ∝ B0, whilst the dipolar constant, dIS has no dependence

on B0. Consequently, as B0 is increased, the ratios | cI
dIS

| and | cIdII
| will increase.
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3.3. Comparing 13CH3 with 13CF3
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Figure 3.5: Plots of 13C transverse relaxation rates, for a 13CF3 moiety, using the

Woessner Model. Two different field strengths were considered: B0 = 14.10T and B0 =

23.49T, corresponding to 600MHz and 1GHz spectrometers, respectively. Parameters

used: γC = 67.283 × 106rad s−1T−1, γF = 251.662 × 106rad s−1T−1, rCF = rFF =

1.33Å, θ = 109.47◦, τm = 50ps, ∆σC = 20ppm, ∆σF = 140ppm.

influential, as is to be expected. Yet even at the higher field strengths, dipolar effects

are dominating the relaxation behaviour. Close inspection of the components in the

rate expressions reveal that terms proportional to c2I and dIIcI do have an impact on

the rates when faster molecular tumbling is considered (i.e. small τc). Despite this, as

τc is increased, the impact of the 19F CSA becomes less significant. This is since none

of the terms involving cI possess spectral densities with frequency 0. The primary

term causing the deviation in rate with field strength in the macromolecular limit is

proportional to dIScSJ (τc, 0) = dIScSτc. It is therefore the 13C CSA, coupled with the

13C-19F dipolar interactions, that is driving the change in rates to the right hand side

of Figure 3.5.

The calculations above indicate that the 19F CSA does not have a noticeable impact

41



Theoretical Calculations

on 13C transverse relaxation rates in the macromolecular limit. Despite this, it may

well be more influential when the relaxation of other coherences is considered. Any

coherence for which the relaxation rate has a dependence on A1A2J(τc, 0), where A1

and/or A2 are cI, is likely to be heavily influenced by the 19F CSA in the macromolec-

ular limit. Significant deviations in behaviour relative to 13CH3 systems are likely for

such coherences, on top of the differences in dipolar contributions. Nevertheless, the

calculations shown above provide strong evidence that the 13CF3 moiety is likely to

be an effective probe in an appropriate TROSY experiment, due to the low relaxation

rates predicted relative to 13CH3.

3.3.2 The αββ Line

The behaviour of the αββ line at high field strength deserves consideration. From

Figure 3.5, the rate of this coherence plateaus in the macromolecular limit at suffi-

ciently high field strength. The cause of this is an almost perfect cancellation of the

terms in the expression for Γαββ
2,S (see Equation 3.5). This result already hints at a

potential coherence that could be targeted via a 13CF3 TROSY technique. Genera-

tion of 13C single quantum coherence, and subsequent selection of the αββ peak may

well lead to highly intense spectra. Such selection processes exist, including a method

introduced by Kontaxis and Bax[20].
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Chapter 4

Experimental Relaxation Investigations

In an attempt to gain an in-depth understanding of methyl relaxation, a series of NMR

experiments were conducted on a test compound over a range of temperatures. By

varying temperature, the viscosity of the medium in the NMR tube changes. As such,

doing this provides a means of monitoring relaxation rates as function of rotational

correlation time, τc. The molecule considered in these studies is shown in Figure 4.2.

This was present in a highly viscous medium composed of 95% d-glycerol and 5%

d-DMSO. The intention was for this simple, small molecule to mimic the motional

behaviour typical of molecules far larger that it.

4.1 Experiments Conducted

Transverse 13C relaxation experiments were carried out to determine the four rates,

Γi
2,C (discussed in the previous chapter), experimentally. Furthermore, 1H trans-

lational diffusion experiments were conducted, which can be used as a gauge of the

molecule’s motional behaviour. All Experiments were carried out on a Varian 600MHz

spectrometer. Spectra were processed using NMRPipe[21].
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Figure 4.1: i. The pulse sequence used to determine 13C transverse relaxation rates.

ii. A cross section through a 13C quartet, of two-dimensional spectra obtained using the

pulse sequence. As τrelax is increased, the intensity of the peaks in the quartet decreases.

Individual peaks in each spectrum are integrated, and these integrals are plotted as a

function of τrelax, iii. Fitting exponential curves to each set of points allows extraction

of relaxation rates of each coherence at a given temperature. The experiment is then

repeated using a range of temperatures to determine how relaxation rates vary with

viscosity.

4.1.1 13C Transverse Relaxation Experiment

The acquisition of experimental values for Γi
2,S was achieved using the pulse sequence

in Figure 4.1.i. 13C single-quantum coherences were generated via use of an INEPT

sequence[22], and subsequently allowed to evolve for a specified period of time, τrelax.

The pulse sequence used has many similarities with a conventional HSQC pulse se-

quence, shown in Figure 1.3.ii. Two major elements are added to the sequence,
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4.1. Experiments Conducted

enabling relaxation rate studies:

• A selection filter (highlighted in red), devised by Kontaxis and Bax[20]. Varying

the value of the time delay ∆, and taking linear combinations of spectra enables

the isolation of a single peak within the methyl quartet.

• A Carr-Purcell-Meiboom-Gill (CPMG) element[23,24] (highlighted in blue), dur-

ing which the desired coherences are allowed to relax.

By obtaining a series of spectra∗ with differing values of τrelax, and integrating the

resultant peaks, a decay profile is obtained. The relaxation rate of each coherence is

calculated by fitting an exponential function to the decay profile. Repetitions of this

experiment were then carried out, at different temperatures.

Figures 4.2 shows an example spectrum obtained using the 13C transverse relaxation

experiment. The expected spectrum of a molecule with one 13CH3 moiety is a single

quartet. Curiously, the spectra obtained instead comprised two separate quartets.

The implication of this is that two distinct chemical species, each possessing 13CH3

moieties, were present in the sample (which will be referred to as A and B). This was

a rather fortuitous outcome, as it enabled the acquisition of a larger data set.

The peak shapes exhibited a slightly twisted geometry in the spectra, as is indicated

in Figure 4.2, which was probably due to isotope-shift effects.

∗The spectra in Figure 4.1.ii. adopt an approximate intensity ratio of 3:1:1:3, at least for smaller
τrelax values. This contrasts with what is typical of a 1D 13C spectrum, where a 1:3:3:1 intensity
ratio results. This intensity ratio manifests as a result of the way the magnetisation evolves during
the HSQC pulse sequence[25]
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Figure 4.2: An example of a spectrum obtained using the 13C transverse relaxation

experiment. The spectrum were taken at T = 30◦C, with τrelax = 0.05s. Two distinct

chemical environments are present in the spectrum, indicating two species, A and B, are

present.

4.1.2 Diffusion Experiments

Diffusion NMR experiments measure the attenuation of a sample’s signal, via the ap-

plication of pulsed field gradients (PFGs)[26]. Larger molecules, which translate slowly

in solution, suffer less signal attenuation with increasing gradient strength, relative to

smaller, more rapidly translating molecules. Measuring signal intensity as a function

of gradient strength, and fitting the data using the Stejskal-Tanner equation[27] pro-

vides a means of determining the translational diffusion constant, D, of the various

species in an NMR sample.

1D proton diffusion experiments were conducted on the sample, at varying tempera-

tures. It was possible to determine translational diffusion constants for both species

A and B. As well as this, diffusion data for the glycerol could also be obtained.
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4.2. Fitting Relaxation Models to the Data

4.2 Fitting Relaxation Models to the Data

The ability of the Woessner and diffusive models to describe the data was assessed

using a least squares fitting procedure. The solution of a least squares procedure is

that which minimises the summation of squared residuals, commonly denoted χ2:

χ2 =
∑
i

(yi,data − yi,fit)
2 (4.1)

A least squares procedure to globally optimise the parameters ∆σI, ∆σS and τm

was performed, using both the Woessner and diffusive models. To incorporate the

effect of external protons in the molecule into the fit, it was assumed that a single

proton existed, separated from the methyl protons by a distance rext. The value

of rext was also included in the fitting procedure. On top of globally fitting the

aforementioned parameters, τc was optimised at each temperature (locally). Fits

in which τm were set to be local were also carried out. It was found that the χ2

values of fits incorporating local and global τm were very similar, which lead to the

decision to fit it globally. One major difference between the Woessner and diffusive

models is the temperature dependence of methyl rotation. In the Woesnner model, the

protons undergo activationless jumps, and hence exhibit no temperature dependence.

Conversely τm is anticipated to vary with temperature if the diffusive model is obeyed,

as an activation barrier to the motion is present. The lack of any significant local

dependence of τm is evidence in favour of the Woessner model.

In order to determine errors for the fitting parameters, a bootstrapping method was

applied. This method relies on taking a random sample of data points from the

complete data set, allowing repetition of points, and performing the same optimisation
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procedure again. This process is then repeated multiple times. In the limit of infinite

runs, it is anticipated that the mean of the distribution of values determined for a

particular parameter will converge on its true value. The standard deviation in values

of the bootstrap acts as measure of the error in the fitting parameter.

4.2.1 Species A

Plots i. and ii. in Figure 4.3 show the results of the least squares procedure applied

to species A, using both the Woessner and diffusive models. The χ2 values obtained

show a close agreement between the models. Also, the values of the fitted parameters

were found to be highly similar. This meant there was very little scope to compare

the two models. The τc values obtained imply that the molecule is undergoing rapid

tumbling, and is certainly not adhering in the macromolecular limit. The 13C CSA is

predicted to be very large by the fitting procedure. Typical methyl 13C CSA values

are between 17-25ppm, for Ile and Val[28]. Though this may be anticipated to be

slightly higher when the methyl group is adjacent to a sulfur atom, an increase of 2

orders of magnitude is unlikely. Plots i. and ii. in Figure 3.2 provide predictions of

relaxation rates made by the models, using parameters which are typical for a methyl

moiety. It can be seen that the relaxation rates of the two outer (ααα and βββ) lines

are virtually identical in the fast tumbling regime. Despite this, noticeable differences

are observed in the acquired data. The fitting procedure has accounted for this split

in the rates by setting ∆σC to be very large.
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τm = 2.91 × 10−11 ± 1.27 × 10−11s

∆σC = 45.5 ± 10.6ppm
∆σH = 51.6 ± 3.18ppm
rext = 2.13 ± 1.28Å
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Figure 4.3: Results of a least squares fitting procedure, using both the Woessner and

diffusive models, applied to the 13C transverse relaxation rate data acquired.
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4.2.2 Species B

The analogous results of the fitting procedure for species B are shown in iii. and iv.

of Figure 4.3. In this case, the diffusive model did seem to produce a slightly better

fit, relative to the Woessner model, though again, the difference was very minor.

4.3 Comparing Diffusion Data with Relaxation Data

Predictions of the hydrodynamic radii, rH, of the species were carried out, by imple-

mentation of the Stokes-Einstein equation:

rH =
kBT

6πηD
(4.2)

where kB is the Boltzmann constant, and η is the viscosity of the medium. The

viscosity of the medium was calculated over the range of temperatures considered, by

use of an empirically determined model, and assuming the medium was comprised of

pure glycerol[29].

From the data in Figure 4.4.i., species A was found to be diffusing far more rapidly

than both the glycerol and species B. This implies that species A is able to translate

in an unrestricted fashion, without too much hindrance from the viscous medium

it is in. The hydrodynamic radii across all temperatures were calculated to be on

the order of 10−11m, which is far smaller than anticipated for a molecule of its size.

On account of this, along with the very small rotational correlation times predicted

from the relaxation rate fits, it is postulated that the molecule is diffusing through

the medium in a highly anisotropic, ’bullet-like’ fashion, as would be expected of a
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Figure 4.4: i. Plots of translational diffusion constant, D, versus temperature for

species A, species B, and glycerol. Arrhenius-type fits of the form D = A exp
(
−B

T

)
were generated for each species. ii. Calculated hydrodynamic radii, rH, for the three

species as a function of temperature. iii. By noting that the diffusion constants of species

B and glycerol are very closely matched, it is proposed that either of the structures shown

could correspond to species B.

prolate spheroid.

In order to assess this prediction, the rotational correlation times extracted from

our fitted Woessner model was compared with the hydrodynamic data obtained of

species A. The following expression relates the rotational correlation time with the

hydrodynamic radius of the molecule[30]:

τc = λ
4πηr3H
3kBT

(4.3)

λ is a constant that indicates deviation from spherical behaviour. For a perfect sphere,

it is predicted that λ = 1. Using 4.2 and 4.3, the following expression for λ can be

obtained, in terms of the hydrodynamic radius of glycerol, and the diffusion constants

of glycerol and species A:

λ =
4r2H,glyD

2
gly

18D3
A

(4.4)
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Figure 4.5: A plot of λ versus T for species A. A decline in the value of λ is found

with increasing temperature, indicating that the molecule’s motion is becoming less

anisotropic as the viscosity of glycerol decreases.

A plot of λ versus temperature is shown in Figure 4.5. The values of λ show a decline

with temperature, but for the most part they are comfortably above 1, which acts to

validate the proposal that the molecule is not undergoing spherical motion. Figure

4.6 illustrates how we anticipate this molecule behaves within the medium. First, it

is able to translate far more effectively in one dimension that the other two, following

a largely linear path. As well as this, the global rotation of the molecule about its

major axis is less hindered by the medium, relative to rotation about its other axes.

In order to effectively account for anisotropic tumbling, it would be necessary to

redefine the spectral density function which describes the global motion. Accounts of

spectral densities for anisotropic motions are well documented in the literature, with

the relevant expression for a prolate spheroid being the following[31]:

J(ω) =
1

4

(
3 cos2 θ − 1

)2 τA
1 + ω2τ 2A

+ 3 sin2 θ cos2 θ
τB

1 + ω2τ 2B
+

3

4
sin4 θ

τC
1 + ω2τ 2C

(4.5)
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Figure 4.6: The proposed types of motion adopted by species A within the glycerol

medium. Anisotropic translational and rotational diffusion are both acting, as would be

expected of a prolate spheroid. The uncorrelated motion of the methyl symmetry axis

may also feature.

with the correlation times τA, τB, τC depending on the rotational diffusion constants

perpendicular and parallel to the spheroid’s axis of symmetry (D⊥ and D∥). It is

highly plausible that an additional component of motion is also in effect: the rotation

of the methyl threefold axis, characterised by correlation time τaxis. As mentioned

earlier in this thesis, this motion has been incorporated into relaxation models via a

model-free approach[18].

Species B exhibits very similar diffusion properties to glycerol, as seen in Figure 4.4.

This provides evidence that species B is formed as the product of a reaction between

glycerol and species A. Potential structures of species B, which fit this hypothesis are

shown in Figure 4.4 iii., though further studies to gain clarity on this matter were not

carried out.

4.4 Summary of Experimental Results

The results obtained from fitting our models show that our theory is able to describe

the 13C relaxation rate data effectively. The temperature independence of τm that

is observed from the fitting procedure points to the Woessner model as the more
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effective of the two at describing methyl relaxation phenomena. The test molecule,

which was hoped to mimic proteins by being present in a highly viscous medium,

never left the small molecules limit. This is accounted for by noting it travelled in

a highly anisotropic, ’bullet-like’ fashion. The motion became more isotropic as the

viscosity of the glycerol increased, as evidenced by a decrease in λ with temperature.
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

In this thesis, a novel relaxation model, describing I3S spin-systems has been pre-

sented. This model is applicable to all molecular motion regimes, which is one of its

stand-out advantages over other models presented. As well as this, via incorporation

of I-spin CSA contributions, it is well-equipped to describe relaxation in 13CF3 spin

systems.

Utilising this theory, calculations comparing relaxation phenomena in 13CH3 and

13CF3 moieties predict that there are significant advantages in using trifluoromethyl

moieties over methyls. This is on account of the slower relaxation rates of the coher-

ences considered. Favourable behaviour in 13CF3 can largely be accounted for by a

geometry-driven reduction in the magnitude of dipolar couplings between spins. The

19F CSA is also capable of having a noticeable impact on rates as well.

An attempt to mimic a protein using our test system had limited success. Via hy-

drodynamic considerations, it was ascertained that the test molecule was able to move

very rapidly though the glycerol medium. The motion it adopts is highly anisotropic,

with its translational behaviour being ’bullet-like’. Nonetheless, fits of our proposed

relaxation models to the rate data obtained illustrate that we have a strong handle

on relaxation. Our investigation supports a Woessner-type hopping combined with

anisotropic rotation of our test molecule, due to the seeming lack of temperature
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dependence on methyl tumbling.

5.2 Future Work

The results of the calculations presented in this thesis provides motivation to proceed

with the development of an NMR methodology that uses 13CF3 moieties as probes in

large biomolecules. For such a methodology to be realised, further work will still be

required in two principle areas.

In order for a 13CF3 TROSY experiment to become a well-established technique,

a method of incorporating this spin-label into proteins is necessary. Work on this

is currently being undertaken by research groups in collaboration with the Badlwin

group, with promising results starting to emerge[9,32].

Establishing a rigorous understanding of relaxation in I3S spins systems has opened

up the possibility to evaluate a pulse sequence’s effectiveness on 13CF3 moieties. Via

density matrix calculations, simulations of NMR experiments will provide a route to

determining an optimal 13CF3 TROSY experiment. This will hopefully enable studies

of biomolcules that are currently out of our grasp using NMR.
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Appendix A

Bloch-Redfield-Wangsness Theory

In this appendix, I present a derivation of the relaxation superoperator, ˆ̂Γ, using BWR

theory. First, a general approach to time-dependent perturbation theory is consid-

ered, which is subsequently applied to the specific case of an ensemble of systems,

each described by a density matrix, ρ̂. The approach I adopt in section A.2 follows

closely to previous accounts, such as those given by Goldman and Palmer[1,2]

A.1 Second order perturbation theory

The Schrödinger Equation involving a time-dependent Hamiltonian is given by:

∂ |ψ(t)⟩
∂t

= −iĤ(t) |ψ(t)⟩ (A.1)

Expressing this in integrated form:

|ψ(t)⟩ = |ψ(0)⟩ − i

∫ t

0

Ĥ(t
′
)
∣∣∣ψ(t′)〉 dt′ (A.2)

Inputting the result of A.2 into the right-hand side of A.1 leads to the following

expression:

∂ |ψ(t)⟩
∂t

= −iĤ(t)

[
|ψ(0)⟩ − i

∫ t

0

Ĥ(t
′
)
∣∣∣ψ(t′)〉] dt′ (A.3)
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A.2. Derivation of the relaxation superoperator

Integrating again obtains:

|ψ(t)⟩ = |ψ(0)⟩ − i |ψ(0)⟩
∫ t

0

Ĥ(t
′
)dt

′ −
∫ t

0

Ĥ(t
′
)

∫ t
′

0

Ĥ(t
′′
)
∣∣∣ψ(t′′)〉 dt′′dt′ (A.4)

If we continue to repeat this procedure of inserting into A.1 and integrating, we arrive

at:

|ψ(t)⟩ =
[ ∞∑
n=0

În(t)

]
|ψ(0)⟩

În(t) = (−i)n
∫ t

0

dt
′
∫ t

′

0

dt
′′
...

∫ t(n−1)
′

0

dtn
′
Ĥ(t

′
)Ĥ(t

′′
)...Ĥ(tn

′
)

(A.5)

The essence of second order perturbation theory is to truncate this expression, re-

moving any terms of order higher than 2, such that:

|ψ(t)⟩ =

1− i

∫ t

0

Ĥ(t
′
)dt

′ −
∫ t

0

∫ t
′

0

Ĥ(t
′
)Ĥ(t

′′
)dt

′′
dt

′

 |ψ(0)⟩ (A.6)

A.2 Derivation of the relaxation superoperator

Now we will apply the result obtained above to the Liouville-von Neumann equation,

which describes the evolution of the density matrix ρ̂(t) in Liouville space:

∂ρ̂(t)

∂t
= −i ˆ̂H(t)ρ̂(t) (A.7)

where ˆ̂
H(t) is the commutation superoperator of Ĥ(t):

ˆ̂
H(t) =

[
Ĥ(t),

]
(A.8)
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Bloch-Redfield-Wangsness Theory

To proceed, we split ˆ̂
H(t) two parts. The first, ˆ̂

H0 contains all the static, time

independent components of the Hamiltonian. For our purposes, this will include

contributions such Zeeman interaction, isotropic chemical shift, scalar coupling, and

so on. The second term, ˆ̂
H1(t), contains all the stochastic time dependent terms,

which arise due to molecular motion. Anisotropic contributions, such as those from

the dipolar interaction and chemical shift anisotropy will be contained within this.

Hence the Liouville-von Neumann equation becomes

∂ρ̂(t)

∂t
= −i

[
ˆ̂
H0 +

ˆ̂
H1(t)

]
ρ̂(t) (A.9)

The form ˆ̂
H1(t) takes is that of randomly fluctuating noise, which is not reproducible

nor differentiable. We therefore wish to seek an expression not explicitly in terms

of ˆ̂
H1(t), but instead in terms of it’s statistical properties, which are well defined.

It therefore seems natural to proceed using the perturbation theory derived in the

previous section.

There many assumptions used in this derivation, some of which are as follows:

• The noise is assumed to be stationary, i.e. it may well vary randomly with time,

but it’s statistical properties do not depend on the time point being considered

• The ensemble average of ˆ̂
H1(t) is zero. i.e: ˆ̂

H1(t) = 0.

•
∥∥∥ ˆ̂H1(t)

∥∥∥ ≪
∥∥∥ ˆ̂H0

∥∥∥, i.e the relative "size" of ˆ̂
H1(t) is small compared with ˆ̂

H0.

This is a necessity for the perturbation theory to be valid.
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A.2. Derivation of the relaxation superoperator

Before applying perturbation theory to A.9, we shall change the reference frame, to

one called the interaction frame with respect to Ĥ0, which is achieved as follows:

ρ̂I(t) = ei
ˆ̂
H0tρ̂(t) and ˆ̂

HI
1 (t) = ei

ˆ̂
H0t ˆ̂H1(t)e

−i
ˆ̂
H0t (A.10)

we can utilise A.9 to derive the following expression for the time evolution of the

density matrix in the interaction frame:

∂ρ̂I(t)

∂t
= −i ˆ̂HI

1 (t)ρ̂
I(t) (A.11)

where the superscript I refers to said interaction frame.

It should be noted that the influence of ˆ̂
H0 has vanished; this has been incorporated

into the definition of the density matrix. This transformation gets rid of the very

large contribution from ˆ̂
H0, allowing consideration of longer time scales than would

be the case without such a transformation.

Applying seond order perturbation theory to A.11 results in the following expression:

∂ρ̂I(t)

∂t
= −i ˆ̂HI

1 (t)ρ̂
I(0)−

∫ t

0

ˆ̂
HI

1 (t)
ˆ̂
HI

1 (t
′
)ρ̂I(t

′
)dt

′
(A.12)

Applying an ensemble average to the expression:

∂ρ̂I(t)

∂t
= −i ˆ̂HI

1 (t)ρ̂
I(0)−

∫ t

0

ˆ̂
HI

1 (t)
ˆ̂
HI

1 (t
′)ρ̂I(t′)dt

′
(A.13)
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Bloch-Redfield-Wangsness Theory

Recall from one of the assumptions above, that ˆ̂
H1(t) = 0. Using the definition of

ˆ̂
HI

1 (t) in A.10, and noting that ˆ̂
H0 is time independent, we find:

ˆ̂
HI

1 (t) = ei
ˆ̂
H0t ˆ̂H1(t)e−i

ˆ̂
H0t = ei

ˆ̂
H0t ˆ̂H1(t)e

−i
ˆ̂
H0t = 0 (A.14)

Hence, the first term of the left-hand side of A.14 vanishes, leaving us with:

∂ρ̂I(t)

∂t
= −

∫ t

0

ˆ̂
HI

1 (t)
ˆ̂
HI

1 (t
′)ρ̂I(t′)dt

′
(A.15)

Introducing a new time variable, τ = t− t
′ , the expression becomes:

∂ρ̂I(t)

∂t
= −

∫ t

0

ˆ̂
HI

1 (t)
ˆ̂
HI

1 (t− τ)ρ̂I(t− τ)dτ (A.16)

Another assumption that made is that the fluctuation of the random perturbation is

rapid in comparison to the rate by which the physical quantity involved relaxes. If

this is the case, ρ̂I(t−τ) will evolve negligibly during the time period of interest, such

that it can be replaced with ρ̂I(t). As well as this, it permits us to extend the upper

limit of the integral to infinity to a very good approximation:

∂ρ̂I(t)

∂t
= −

∞∫
0

ˆ̂
HI

1 (t)
ˆ̂
HI

1 (t− τ)ρ̂I(t)dτ (A.17)

It is assumed that the dynamics of the spin system are not well correlated with the

stochastic noise in ˆ̂
H1(t), allowing A.17 to be rewritten as:

∂ρ̂I(t)

∂t
= −

∞∫
0

ˆ̂
HI

1 (t)
ˆ̂
HI

1 (t− τ)ρ̂I(t)dτ (A.18)
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A.2. Derivation of the relaxation superoperator

We now return back to the interaction frame, noting the definitions in A.10:

∂ei
ˆ̂
H0tρ̂(t)

∂t
= −

∞∫
0

ei
ˆ̂
H0t ˆ̂H1(t)e−i

ˆ̂
H0tei

ˆ̂
H0te−i

ˆ̂
H0τ ˆ̂H1(t− τ)e−i

ˆ̂
H0tei

ˆ̂
H0τei

ˆ̂
H0tρ̂(t)dτ

ei
ˆ̂
H0t

∂ρ̂(t)

∂t
+
∂ei

ˆ̂
H0t

∂t
ρ̂(t) = −

∞∫
0

ei
ˆ̂
H0t ˆ̂H1(t)e−i

ˆ̂
H0τ ˆ̂H1(t− τ)ei

ˆ̂
H0τ ρ̂(t)dτ

ei
ˆ̂
H0t

∂ρ̂(t)

∂t
+ i

ˆ̂
H0e

i
ˆ̂
H0tρ̂(t) = −

∞∫
0

ei
ˆ̂
H0t ˆ̂H1(t)e−i

ˆ̂
H0τ ˆ̂H1(t− τ)ei

ˆ̂
H0τ ρ̂(t)dτ

∂ρ̂(t)

∂t
= −i ˆ̂H0ρ̂(t)−

∞∫
0

ˆ̂
H1(t)e−i

ˆ̂
H0τ ˆ̂H1(t− τ)ei

ˆ̂
H0τ ρ̂(t)dτ

(A.19)

The over-bars denoting an ensemble average for ρ̂(t) will be dropped from now on for

convenience, but note they are still implied.

By hermiticity, Ĥ1(t) = Ĥ†
1(t). It will become convenient to replace Ĥ1(t) with Ĥ†

1(t),

for ease of calculating relaxation rates. Therefore, this expression is often written in

the following form:

∂ρ̂(t)

∂t
= −i ˆ̂H0ρ̂(t)− ˆ̂

Γρ̂(t)

ˆ̂
Γ =

∞∫
0

[
Ĥ†

1(t),
[
e−iĤ0τĤ1(t− τ)eiĤ0τ ,

]]
dτ

(A.20)

where ˆ̂
Γ is the relaxation superoperator. This expression has a major flaw, in that

over long time periods, the system does not relax back to its true equilibrium position,

but rather to ρ̂ = 0. This can be corrected phenomenologically by simply replacing

ρ̂(t) with ρ̂(t)− ρ̂eq:

∂ρ̂(t)

∂t
= −i ˆ̂H0ρ̂(t)− ˆ̂

Γ (ρ̂(t)− ρ̂eq) (A.21)

Of course this is not a well justified approach, but a correct expression can be derived
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by applying a fully quantum treatment to the lattice. Such an approach is outlined

by Goldman.

[1] Cavanagh, W. J. Fairbrother, I. I. I. A. G. Palmer, N. J. Skelton, M. Rance, Protein
NMR Spectroscopy : Principles and Practice, Elsevier Science, Burlington, 2010.

[2] M. Goldman, Journal of Magnetic Resonance 2001, 149, 160-187.
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Appendix B

Example Relaxation Rate Calculations

In this appendix, I illustrate some explicit calculations of a few relaxation rates, for

an IS dipolar spin system, undergoing spherical isotropic motion. This is one of the

simplest possible relaxation rate calculations that can be done, as only a single in-

teraction is acting. As the number of spins in the spin-system increases, as well as

the number of relaxation mechanisms involved, the scale of the calculation drastically

rises to the point where it is not feasible to show the calculation in a detailed fashion.

B.1 Setting Up The Calculation

As only a single mechanism is inducing relaxation in our system of interest, the

summations over i1 and i2 are not necessary. As well as this, it isn’t necessary

to perform a rotation into the molecular frame when a single interaction tensor is

present. Therefore, 2.43 reduces to:

Γrs =
6

5
d2IS

2∑
k=−2

∑
n1

∑
n2

〈
ρ̂s

∣∣∣[T̂ (2)†
k,n1

,
[
T̂

(2)
k,n2

, ρ̂r

]]〉
J(ωk,n2)√

⟨ρ̂r|ρ̂r⟩ ⟨ρ̂s|ρ̂s⟩
(B.1)

where the dipolar interaction constant, dIS, is defined in 2.35 and expressions for the

operators T̂ (2)
k,n are given in Table 2.1. A total of 19 terms therefore exist in this

summation. Calculations of each of these terms are shown below, first for r = s = Îz

and then for r = s = Î+. The results of these calculations give the longitudinal and
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Example Relaxation Rate Calculations

transverse relaxation rates of spin I, respectively.

B.2 Longitudinal Relaxation

First, we will consider the longitudinal relaxation rate of spin I, which is determined

by setting ρ̂r = ρ̂s = Îz. By noting that
〈
Îz

∣∣∣Îz〉 = 1, this rate is given by:

Γ1,I =
6

5
d2IS

2∑
k=−2

∑
n1

∑
n2

〈
Îz

∣∣∣[T̂ (2)†
k,n1

,
[
T̂

(2)
k,n2

, Îz

]]〉
J(ωk,n2) (B.2)

where J(ωk,n2) =
τc

1+ω2
k,n2

τ2c
.

B.2.1 Calculating individual terms

k = −2

n1 = n2 = 1:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
−2,1,

[
T̂

(2)
−2,1, Îz

]]〉
J(ω−2,1) =

3

10
d2IS

〈
Îz

∣∣∣[Î+Ŝ+,
[
Î−Ŝ−, Îz

]]〉
J(−ωI − ωS)

=
3

10
d2IS

〈
Îz

∣∣∣[Î+Ŝ+, Î−Ŝ−
]〉
J(−ωI − ωS) =

3

10
d2IS

〈
Îz

∣∣∣Îz + Ŝz

〉
J(−ωI − ωS)

=
3

10
d2ISJ(−ωI − ωS)

k = −1

n1 = n2 = 1:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
−1,1,

[
T̂

(2)
−1,1, Îz

]]〉
J(ω−1,1) =

3

10
d2IS

〈
Îz

∣∣∣[ÎzŜ+,
[
ÎzŜ

−, Îz
]]〉

J(−ωS)

= 0
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n1 = 1, n2 = 2:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
−1,1,

[
T̂

(2)
−1,2, Îz

]]〉
J(ω−1,2) =

3

10
d2IS

〈
Îz

∣∣∣[ÎzŜ+,
[
Î−Ŝz, Îz

]]〉
J(−ωI)

=
3

10
d2IS

〈
Îz

∣∣∣[ÎzŜ+, Î−Ŝz

]〉
J(−ωI) =

3

10
d2IS

〈
Îz

∣∣∣Î−Ŝ+
〉
J(−ωI)

= 0

n1 = 2, n2 = 1:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
−1,2,

[
T̂

(2)
−1,1, Îz

]]〉
J(ω−1,1) =

3

10
d2IS

〈
Îz

∣∣∣[Î+Ŝz,
[
ÎzŜ

−, Îz
]]〉

J(−ωS)

= 0

n1 = n2 = 2:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
−1,2,

[
T̂

(2)
−1,2, Îz

]]〉
J(ω−1,2) =

3

10
d2IS

〈
Îz

∣∣∣[Î+Ŝz,
[
Î−Ŝz, Îz

]]〉
J(−ωI)

=
3

10
d2IS

〈
Îz

∣∣∣[Î+Ŝz, Î
−Ŝz

]〉
J(−ωI) =

3

10
d2IS

〈
Îz

∣∣∣2ÎzŜ2
z

〉
J(−ωI)

=
3

20
d2IS

〈
Îz

∣∣∣Îz〉 J(−ωI) =
3

20
d2ISJ(−ωI)

k = 0

n1 = 1, n2 = 1:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
0,1 ,

[
T̂

(2)
0,1 , Îz

]]〉
J(ω0,1) =

4

5
d2IS

〈
Îz

∣∣∣[ÎzŜz,
[
ÎzŜz, Îz

]]〉
J(0)

= 0
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n1 = 1, n2 = 2:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
0,1 ,

[
T̂

(2)
0,2 , Îz

]]〉
J(ω0,2) = −1

5
d2IS

〈
Îz

∣∣∣[ÎzŜz,
[
Î+Ŝ−, Îz

]]〉
J(ωI − ωS)

=
1

5
d2IS

〈
Îz

∣∣∣[ÎzŜz, Î
+Ŝ−

]〉
J(ωI − ωS) = −1

5
d2IS

〈
Îz

∣∣∣Î+Ŝ−
〉
J(ωI − ωS)

= 0

n1 = 1, n2 = 3:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
0,1 ,

[
T̂

(2)
0,3 , Îz

]]〉
J(ω0,3) = −1

5
d2IS

〈
Îz

∣∣∣[ÎzŜz,
[
Î−Ŝ+, Îz

]]〉
J(ωS − ωI)

= −1

5
d2IS

〈
Îz

∣∣∣[ÎzŜz, Î
−Ŝ+

]〉
J(ωS − ωI) =

1

5
d2IS

〈
Îz

∣∣∣Î−Ŝ+
〉
J(ωS − ωI)

= 0

n1 = 2, n2 = 1:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
0,2 ,

[
T̂

(2)
0,1 , Îz

]]〉
J(ω0,1) = −1

5
d2IS

〈
Îz

∣∣∣[Î−Ŝ+,
[
ÎzŜz, Îz

]]〉
J(0)

= 0

n1 = 2, n2 = 2:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
0,2 ,

[
T̂

(2)
0,2 , Îz

]]〉
J(ω0,2) =

1

20
d2IS

〈
Îz

∣∣∣[Î−Ŝ+,
[
Î+Ŝ−, Îz

]]〉
J(ωI − ωS)

= − 1

20
d2IS

〈
Îz

∣∣∣[Î−Ŝ+, Î+Ŝ−
]〉
J(ωI − ωS) = − 1

20
d2IS

〈
Îz

∣∣∣Ŝz − Îz

〉
J(ωI − ωS)

=
1

20
d2ISJ(ωI − ωS)
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n1 = 2, n2 = 3:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
0,2 ,

[
T̂

(2)
0,3 , Îz

]]〉
J(ω0,3) =

1

20
d2IS

〈
Îz

∣∣∣[Î−Ŝ+,
[
Î−Ŝ+, Îz

]]〉
J(ωS − ωI)

=
1

20
d2IS

〈
Îz

∣∣∣[Î−Ŝ+, Î−Ŝ+
]〉
J(ωS − ωI) = 0

n1 = 3, n2 = 1:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
0,3 ,

[
T̂

(2)
0,1 , Îz

]]〉
J(ω0,1) = −1

5
d2IS

〈
Îz

∣∣∣[Î+Ŝ−,
[
ÎzŜz, Îz

]]〉
J(0)

= 0

n1 = 3, n2 = 2:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
0,3 ,

[
T̂

(2)
0,2 , Îz

]]〉
J(ω0,2) =

1

20
d2IS

〈
Îz

∣∣∣[Î+Ŝ−,
[
Î+Ŝ−, Îz

]]〉
J(ωI − ωS)

= − 1

20
d2IS

〈
Îz

∣∣∣[Î+Ŝ−, Î+Ŝ−
]〉
J(ωI − ωS) = 0

n1 = 3, n2 = 3:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
0,3 ,

[
T̂

(2)
0,3 , Îz

]]〉
J(ω0,3) =

1

20
d2IS

〈
Îz

∣∣∣[Î+Ŝ−,
[
Î−Ŝ+, Îz

]]〉
J(ωS − ωI)

=
1

20
d2IS

〈
Îz

∣∣∣[Î+Ŝ−, Î−Ŝ+
]〉
J(ωS − ωI) =

1

20
d2IS

〈
Îz

∣∣∣Îz − Ŝz

〉
J(ωS − ωI)

=
1

20
d2ISJ(ωS − ωI)
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Example Relaxation Rate Calculations

k = 1

n1 = n2 = 1:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
1,1 ,

[
T̂

(2)
1,1 , Îz

]]〉
J(ω1,1) =

3

10
d2IS

〈
Îz

∣∣∣[ÎzŜ+,
[
ÎzŜ

+, Îz

]]〉
J(ωS)

= 0

n1 = 1, n2 = 2:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
1,1 ,

[
T̂

(2)
1,2 , Îz

]]〉
J(ω1,2) =

3

10
d2IS

〈
Îz

∣∣∣[ÎzŜ−,
[
Î+Ŝz, Îz

]]〉
J(ωI)

= − 3

10
d2IS

〈
Îz

∣∣∣[ÎzŜ−, Î+Ŝz

]〉
J(ωI) = − 3

10
d2IS

〈
Îz

∣∣∣Î+Ŝ−
〉
J(ωI)

= 0

n1 = 2, n2 = 1:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
1,2 ,

[
T̂

(2)
1,1 , Îz

]]〉
J(ω1,1) =

3

10
d2IS

〈
Îz

∣∣∣[Î−Ŝz,
[
ÎzŜ

+, Îz

]]〉
J(ωS)

= 0

n1 = n2 = 2:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
1,2 ,

[
T̂

(2)
1,2 , Îz

]]〉
J(ω1,2) =

3

10
d2IS

〈
Îz

∣∣∣[Î−Ŝz,
[
Î+Ŝz, Îz

]]〉
J(ωI)

= − 3

10
d2IS

〈
Îz

∣∣∣[Î−Ŝz, Î
+Ŝz

]〉
J(ωI) =

3

20
d2IS

〈
Îz

∣∣∣Îz〉 J(ωI)

=
3

20
d2ISJ(ωI)
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B.2. Longitudinal Relaxation

k = 2

n1 = n2 = 1:

6

5
d2IS

〈
Îz

∣∣∣[T̂ (2)†
2,1 ,

[
T̂

(2)
2,1 , Îz

]]〉
J(ω2,1) =

3

10
d2IS

〈
Îz

∣∣∣[Î−Ŝ−,
[
Î+Ŝ+, Îz

]]〉
J(ωI + ωS)

= − 3

10
d2IS

〈
Îz

∣∣∣[Î−Ŝ−, Î+Ŝ+
]〉
J(ωI + ωS) =

3

10
d2IS

〈
Îz

∣∣∣Îz + Ŝz

〉
J(ωI + ωS)

=
3

10
d2ISJ(ωI + ωS)

B.2.2 The Final Result

Summing all the terms determined in Section B.2.1, the expression for the auto-

relaxation rate of Îz is given by:

Γ1,I =
3

10
d2ISJ(−ωI − ωS) +

3

20
d2ISJ(−ωI) +

1

20
d2ISJ(ωS − ωI)

+
1

20
d2ISJ(ωI − ωS) +

3

20
d2ISJ(ωI) +

3

10
d2ISJ(ωI + ωS)

(B.3)

This can be simplified by noting the following symmetry of the spectral density func-

tion with respect to ω:

J(−ωk,n2) =
τc

1 + (−ωk,n2)
2 τ 2c

=
τc

1 + ω2
k,n2

τ 2c
= J(ωk,n2) (B.4)

such that:

Γ1,I =
d2IS
10

[6J(ωI + ωS) + 3J(ωI) + J(ωI − ωS)] (B.5)
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Example Relaxation Rate Calculations

B.3 Transverse Relaxation

The auto-relaxation rate of Î+ gives the I-spin transverse relaxation rate. Noting that〈
Î+
∣∣∣Î+〉 = 2, the expression to be calculated is:

Γ2,I =
3

5
d2IS

2∑
k=−2

∑
n1

∑
n2

〈
Î+
∣∣∣[T̂ (2)†

k,n1
,
[
T̂

(2)
k,n2

, Î+
]]〉

J(ωk,n2) (B.6)

As was done for the longitudinal relaxation rate of spin I in Section B.2, each term

in this summation will now be considered.

B.3.1 Calculating individual terms

k = −2

n1 = n2 = 1:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

−2,1,
[
T̂

(2)
−2,1, Î

+
]]〉

J(ω−2,1) =
3

20
d2IS

〈
Î+
∣∣∣[Î+Ŝ+,

[
Î−Ŝ−, Î+

]]〉
J(ωI + ωS)

= − 3

10
d2IS

〈
Î+
∣∣∣[Î+Ŝ+, ÎzŜ

−
]〉
J(ωI + ωS) =

3

20
d2IS

〈
Î+
∣∣∣Î+〉 J(ωI + ωS)

=
3

10
d2ISJ(ωI + ωS)

k = −1

n1 = n2 = 1:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

−1,1,
[
T̂

(2)
−1,1, Î

+
]]〉

J(ω−1,1) =
3

20
d2IS

〈
Î+
∣∣∣[ÎzŜ+,

[
ÎzŜ

−, Î+
]]〉

J(ωS)

=
3

20
d2IS

〈
Î+
∣∣∣[ÎzŜ+, Î+Ŝ−

]〉
J(ωS) =

3

40
d2IS

〈
Î+
∣∣∣Î+〉 J(ωS)

=
3

20
d2ISJ(ωS)
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B.3. Transverse Relaxation

n1 = 1, n2 = 2:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

−1,1,
[
T̂

(2)
−1,2, Î

+
]]〉

J(ω−1,2) =
3

20
d2IS

〈
Î+
∣∣∣[ÎzŜ+,

[
Î−Ŝz, Î

+
]]〉

J(ωI)

= − 3

10
d2IS

〈
Î+
∣∣∣[ÎzŜ+, ÎzŜz

]〉
J(ωI) =

3

40
d2IS

〈
Î+
∣∣∣Ŝ+

〉
J(ωI)

= 0

n1 = 2, n2 = 1:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

−1,2,
[
T̂

(2)
−1,1, Î

+
]]〉

J(ω−1,1) =
3

20
d2IS

〈
Î+
∣∣∣[Î+Ŝz,

[
ÎzŜ

−, Î+
]]〉

J(ωS)

=
3

40
d2IS

〈
Î+
∣∣∣[Î+Ŝz, Î

+Ŝ−
]〉
J(ωS) = 0

n1 = n2 = 2:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

−1,2,
[
T̂

(2)
−1,2, Î

+
]]〉

J(ω−1,2) =
3

20
d2IS

〈
Î+
∣∣∣[Î+Ŝz,

[
Î−Ŝz, Î

+
]]〉

J(ωI)

= − 3

10
d2IS

〈
Î+
∣∣∣[Î+Ŝz, ÎzŜz

]〉
J(ωI) =

3

40
d2IS

〈
Î+
∣∣∣Î+〉 J(ωI)

=
3

20
d2ISJ(ωI)

k = 0

n1 = 1, n2 = 1:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

0,1 ,
[
T̂

(2)
0,1 , Î

+
]]〉

J(ω0,1) =
2

5
d2IS

〈
Î+
∣∣∣[ÎzŜz,

[
ÎzŜz, Î

+
]]〉

J(0)

=
2

5
d2IS

〈
Î+
∣∣∣[ÎzŜz, Î

+Ŝz

]〉
J(0) =

1

10
d2IS

〈
Î+
∣∣∣Î+〉 J(0)

=
1

5
d2ISJ(0)
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Example Relaxation Rate Calculations

n1 = 1, n2 = 2:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

0,1 ,
[
T̂

(2)
0,2 , Î

+
]]〉

J(ω0,2) = − 1

10
d2IS

〈
Î+
∣∣∣[ÎzŜz,

[
Î+Ŝ−, Î+

]]〉
J(ωI − ωS)

= 0

n1 = 1, n2 = 3:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

0,1 ,
[
T̂

(2)
0,3 , Î

+
]]〉

J(ω0,3) = − 1

10
d2IS

〈
Î+
∣∣∣[ÎzŜz,

[
Î−Ŝ+, Î+

]]〉
J(ωI − ωS)

=
1

5
d2IS

〈
Î+
∣∣∣[ÎzŜz, ÎzŜ

+
]〉
J(ωI − ωS) =

1

20
d2IS

〈
Î+
∣∣∣Ŝ+

〉
J(ωI − ωS)

= 0

n1 = 2, n2 = 1:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

0,2 ,
[
T̂

(2)
0,1 , Î

+
]]〉

J(ω0,1) = − 1

10
d2IS

〈
Î+
∣∣∣[Î−Ŝ+,

[
ÎzŜz, Î

+
]]〉

J(0)

= − 1

10
d2IS

〈
Î+
∣∣∣[Î−Ŝ+, Î+Ŝz

]〉
J(0) =

1

20
d2IS

〈
Î+
∣∣∣Ŝ+

〉
J(0)

= 0

n1 = 2, n2 = 2:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

0,2 ,
[
T̂

(2)
0,2 , Î

+
]]〉

J(ω0,2) =
1

40
d2IS

〈
Î+
∣∣∣[Î−Ŝ+,

[
Î+Ŝ−, Î+

]]〉
J(ωI − ωS)

= 0
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B.3. Transverse Relaxation

n1 = 2, n2 = 3:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

0,2 ,
[
T̂

(2)
0,3 , Î

+
]]〉

J(ω0,3) =
1

40
d2IS

〈
Î+
∣∣∣[Î−Ŝ+,

[
Î−Ŝ+, Î+

]]〉
J(ωI − ωS)

= − 1

20
d2IS

〈
Î+
∣∣∣[Î−Ŝ+, ÎzŜ

+
]〉
J(ωI − ωS) = 0

n1 = 3, n2 = 1:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

0,3 ,
[
T̂

(2)
0,1 , Îz

]]〉
J(ω0,1) = − 1

10
d2IS

〈
Î+
∣∣∣[Î+Ŝ−,

[
ÎzŜz, Î

+
]]〉

J(0)

= − 1

10
d2IS

〈
Î+
∣∣∣[Î+Ŝ−, Î+Ŝz

]〉
J(0) = 0

n1 = 3, n2 = 2:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

0,3 ,
[
T̂

(2)
0,2 , Î

+
]]〉

J(ω0,2) =
1

40
d2IS

〈
Î+
∣∣∣[Î+Ŝ−,

[
Î+Ŝ−, Î+

]]〉
J(ωI − ωS)

= 0

n1 = 3, n2 = 3:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

0,3 ,
[
T̂

(2)
0,3 , Î

+
]]〉

J(ω0,3) =
1

40
d2IS

〈
Î+
∣∣∣[Î+Ŝ−,

[
Î−Ŝ+, Î+

]]〉
J(ωI − ωS)

= − 1

20
d2IS

〈
Î+
∣∣∣[Î+Ŝ−, ÎzŜ

+
]〉
J(ωI − ωS) =

1

40
d2IS

〈
Î+
∣∣∣Î+〉 J(ωI − ωS)

=
1

20
d2ISJ(ωI − ωS)
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Example Relaxation Rate Calculations

k = 1

n1 = n2 = 1:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

1,1 ,
[
T̂

(2)
1,1 , Î

+
]]〉

J(ω1,1) =
3

20
d2IS

〈
Î+
∣∣∣[ÎzŜ−,

[
ÎzŜ

+, Î+
]]〉

J(ωS)

=
3

20
d2IS

〈
Î+
∣∣∣[ÎzŜ−, Î+Ŝ+

]〉
J(ωS) =

3

40
d2IS

〈
Î+
∣∣∣Î+〉 J(ωS)

=
3

20
d2ISJ(ωS)

n1 = 1, n2 = 2:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

1,1 ,
[
T̂

(2)
1,2 , Î

+
]]〉

J(ω1,2) =
3

20
d2IS

〈
Î+
∣∣∣[ÎzŜ−,

[
Î+Ŝz, Î

+
]]〉

= 0

n1 = 2, n2 = 1:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

1,2 ,
[
T̂

(2)
1,1 , Î

+
]]〉

J(ω1,1) =
3

20
d2IS

〈
Î+
∣∣∣[Î−Ŝz,

[
ÎzŜ

+, Î+
]]〉

J(ωS)

=
3

20
d2IS

〈
Î+
∣∣∣[Î−Ŝz, Î

+Ŝ+
]〉
J(ωS) =

3

40
d2IS

〈
Î+
∣∣∣Ŝ+

〉
J(ωS)

= 0

n1 = n2 = 2:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

1,2 ,
[
T̂

(2)
1,2 , Î

+
]]〉

J(ω1,2) =
3

20
d2IS

〈
Î+
∣∣∣[Î−Ŝz,

[
Î+Ŝz, Î

+
]]〉

J(ωI)

= 0
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B.4. Comparison of the Rates
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Figure B.1: i. Plots of longitudinal (a = b = N̂z) and transverse (a = b = N̂+)

nitrogen relaxation rates for an ensemble of 15N-1H spin pairs, whose only relaxation

mechanism is the dipolar interaction, undergoing spherical isotropic motion, as a function

of τc. Parameters used: B0 = 11.74T (corresponding to a 500MHz magnet), γH =

2.675 × 108Ts−1, γN = −2.712 × 107Ts−1, rNH = 1.02Å. ii. Plots of the individual

contributions to the transverse nitrogen relaxation rate, as a function of τc.

k = 2

n1 = n2 = 1:

3

5
d2IS

〈
Î+
∣∣∣[T̂ (2)†

2,1 ,
[
T̂

(2)
2,1 , Î

+
]]〉

J(ω2,1) =
3

20
d2IS

〈
Î+
∣∣∣[Î−Ŝ−,

[
Î+Ŝ+, Î+

]]〉
J(ωI + ωS)

= 0

B.3.2 The Final Result

The expression for the auto relaxation rate of Î+ is given by:

Γ2,I =
d2IS
20

[
4J(0) + 6J(ωS) + 3J(ωI) + J(ωI − ωS) + 6J(ωI + ωS)

]
(B.7)
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Example Relaxation Rate Calculations

B.4 Comparison of the Rates

To gain an appreciation of how the to relaxation rates calculated in sections B.2 and

B.3 vary with rotational correlation time, a 15N-1H dipolar system is considered, in a

magnetic field of 11.74T, corresponding to a 500MHz magnet. Figure B.1 illustrates

the nitrogen longitudinal and transverse relaxation rates for such a system.

For transverse relaxation, beyond τc ≈ 2ns, there is a linear dependence of rate with

τc. This is since the J(0) term present in B.7 is dominant for large τc values, and the

transverse relaxation rate can conveniently be collapsed to:

Γ2,N ≈ d2ISτc
5

(B.8)

For longitudinal relaxation, no such linear dependence is seen, as there isn’t a contri-

bution from J(0). The dominant term in Γ1,N, for large τc values is J(ωN), as this is

the term with the smallest associated frequency magnitude. Therefore, a maximum

occurs very close to the τc value where J(ωN) reaches a maximum, i.e. |ωNτc| ≈ 1. The

three individual contributions to the expression of Γ1,N, expressed in B.5, are plotted

in figure B.1. For each of these contributions, a maximum appears when |ωτc| = 1,

which yields a spectral density of τc
2
.

B.5 Noteworthy Identities

The following section provides a list of a number of the identities used in the calcu-

lations above
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B.5. Noteworthy Identities

B.5.1 Operator Products

Îz Î
− = −1

2
Î− Î−Îz =

1

2
Î− Îz Î

+ =
1

2
Î+ Î+Îz = −1

2
Î+

Î+Î− =
1

2
Ê + Îz (= Îα) Î−Î+ =

1

2
Ê − Îz (= Îβ)

B.5.2 Commutators[
Îz, Î

+
]
= Îz Î

+ − Î+Îz = Î+
[
Îz, Î

−
]
= Îz Î

− − Î−Îz = −Î−[
Î+, Î−

]
= Î+Î− − Î−Î+ = Îα − Îβ = 2Îz[

Î+Ŝ+, Î−Ŝ−
]
= Î+Î−Ŝ+Ŝ− − Î−Î+Ŝ−Ŝ+ = Îz + Ŝz[

Î+Ŝ−, Î−Ŝ+
]
= Î+Î−Ŝ−Ŝ+ − Î−Î+Ŝ+Ŝ− = Îz − Ŝz

B.5.3 Expectation Values

〈
Îz

∣∣∣Îz〉 =
〈
Î2z

〉
=

1

4

〈
Ê
〉
=

1

4
[⟨αα|αα⟩+ ⟨αβ|αβ⟩+ ⟨βα|βα⟩+ ⟨ββ|ββ⟩]

= 1〈
Îz

∣∣∣Îz + Ŝz

〉
=
〈
Î2z + ÎzŜz

〉
=

〈
1

4
Ê + ÎzŜz

〉
=

[
⟨αα|1

4
Ê + ÎzŜz|αα⟩+ ⟨αβ|1

4
Ê + ÎzŜz|αβ⟩

+ ⟨βα|1
4
Ê + ÎzŜz|βα⟩+ ⟨ββ|1

4
Ê + ÎzŜz|ββ⟩

]
=

1

2
[⟨αα|αα⟩+ ⟨ββ|ββ⟩]

= 1〈
Îz

∣∣∣Î−Ŝ+
〉
= −1

2

〈
Î−Ŝ+

〉
= −1

2

[
⟨αα|Î−Ŝ+|αα⟩+ ⟨αβ|Î−Ŝ+|αβ⟩

+ ⟨βα|Î−Ŝ+|βα⟩+ ⟨ββ|Î−Ŝ+|ββ⟩
]

= −1

2
⟨βα|αβ⟩
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Example Relaxation Rate Calculations

= 0〈
Î+
∣∣∣Î+〉 =

〈
Î−Î+

〉
=

〈
1

2
Ê − Îz

〉
=

[
⟨αα|1

2
Ê − Îz|αα⟩+ ⟨αβ|1

2
Ê − Îz|αβ⟩

+ ⟨βα|1
2
Ê − Îz|βα⟩+ ⟨ββ|1

2
Ê − Îz|ββ⟩

]
= ⟨αα|αα⟩+ ⟨αβ|αβ⟩

= 2
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Appendix C

I3S Rate Expressions

In this appendix, full expressions of the relaxation rates, Γi
2,S, where

i ∈ {ααα, ααβ, αββ, βββ}, for each model considered in Figure 3.2, are presented.

Definitions of the dipolar and chemical shift interaction constants are given in 2.35

and 2.36. If not defined below, the spectral density functions of relevance are given

in 2.42 and 2.48. P (2)
i (x) denotes the associated Legendre polynomial of degree 2 and

order i, where i ∈ {0, 1, 2}. These have a close link to the 2nd rank reduced Wigner-d

matrix elements, and are commonly used in their place in the literature:

P
(2)
0 (cos β) =

1

2

(
3 cos2 β − 1

)
= d20,0(β)

P
(2)
1 (cos β) = −3 cos β sin β = −

√
6d

(2)
0,1(β) =

√
6d

(2)
0,−1(β)

P
(2)
2 (cos β) = 3 sin2 β =

√
6d

(2)
0,2(β) =

√
6d

(2)
0,−2(β)

(C.1)

β is the angle between the methyl threefold rotation axis, and the 13C-1H bond vectors

(set to be 109.47◦ in all calculations conducted in this thesis).
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C.1 Diffusive/Woessner Models (Plots i. and ii.)
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where kDW = 1 for the Woessner model, and kDW = 2 for the diffusive model. Γext is given in 3.2.
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C.2 Spherical Isotropic Motion (Plot iii.)
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C.3 Ollerenshaw et al. (Plot iv.)
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