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We present NMR-ESPY (NMR Estimation in Python), a versatile, simple-to-use PYTHON package for estimating
the signal parameters that describe one-dimensional time-domain NMR data. The software is fully inte-
grated into TOPSPIN, a widely used NMR platform, and comes with a Graphical User Interface, allowing
users unfamiliar with the underlying theory and/or PYTHON programming to access the full functionality
of the software package. NMR-ESPY utilises Newton’s method, an iterative non-linear programming tech-
nique. By including the variance of oscillator phases in the optimization, NMR-ESPY can generate parsimo-
nious parameter estimates, giving NMR users access to meaningful quantitative information. This
principle is easily extendable to study specific regions of an NMR spectrum to reduce computational cost.
The complete mathematical treatment along with examples of the implementation of the estimation rou-
tine are presented.
� 2022 The Authors. Published by Elsevier Inc. This is an openaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

In NMR, conventional approaches to extract quantitative infor-
mation consist of Fourier transformation (FT) of the detected time-
domain signal (FID) [1], and inspection of the resultant Lorentzian-
shaped peaks. Such a calculation is very fast on modern computer
systems, even when applied to multidimensional data sets, thanks
to substantial algorithmic developments [2].

Despite the simplicity of the FT approach, it suffers from two
major problems: (i) the resolution limit inherent to FT, and (ii)
the lack of a parsimonious representation of the data. These limita-
tions make the task of extracting quantitative data challenging for
spectra featuring resonances with similar frequencies and overlap-
ping peaks. Such situations are common when biomolecular sys-
tems, and complex mixtures of substances are considered.
Additionally, truncated FIDs lead to the appearance of ‘‘sinc wig-
gles” in the spectra [3, Section 3], as is often seen in solid-state
NMR, and indirect dimensions of multidimensional signals. This
problem can be effectively overcome by Linear Prediction algo-
rithms [4] and non-uniform sampling (NUS) techniques [5]. How-
ever parametric estimation techniques can extend the
understanding of a particular signal as they give access to spectral
parameters (frequencies, amplitudes, phases, and damping fac-
tors), generally through fitting time-domain data to a model like
sum of damped complex exponentials in the presence of additive
stationary Gaussian noise. Such methods have found applications
in many areas of science including natural language processing,
audio devices, radar/sonar, and seismology [6,7].

Over the course of the past four decades, alternative methods to
FT have been developed which aim to extract spectral parameters
from time-domain signals. Of these, the best-known techniques
are based on the separation of signal and noise sub-spaces, includ-
ing Linear Prediction and Singular Value Decomposition (LPSVD)
[8,9], Hankel Singular Value Decomposition (SVD) [10], and the
Matrix Pencil Method (MPM) [11,12]. Approaches based on itera-
tive nonlinear processes include the Variable Projection (VARPRO)
method [13,14] and the Advanced Method for Accurate, Robust
and Efficient Spectral Fitting (AMARES) [15]. More recently, meth-
ods drawn on Bayesian analysis have also emerged [16–18]. Whilst
these techniques offermany benefits over the classical FT approach,
they are typically more computationally costly. To address this
problem, techniques relying on the idea of sub-band decomposi-
tion, initially illustrated with Linear Prediction-ZOOM (LP-ZOOM)
[19], have been developed. For further information and discussions
of more recent developments see [20,21] and references therein.

One of the main reasons that many of the proposed methods
have not found widespread application, and techniques beyond
peak picking and integration in the frequency-domain have strug-
gled to enter the mainstream in NMR is that the role of spectral
estimation is generally underestimated, especially among NMR
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experimentalists who consider any non-linear post-processing
method with scepticism. Another main contributor is that usually,
these techniques are not very straightforward to use, as often the
user is required to be familiar with the theory and programming
to use the method effectively.

In this work we present NMR-ESPY (NMR Estimation in Python) to
address these problems. NMR-ESPY is a free Python package, for both
accurate and parsimonious estimation of NMR spectral parame-
ters. It comes with a powerful Graphical User Interface (GUI) that
provides NMR users a seamless interface for benefiting from the
full functionalities of NMR-ESPY without the need to write a single
line of code. Additionally the whole software and GUI are fully
integrated into Bruker’s TopSpin software and are accessible from
the command line.

The core functionality of NMR-ESPY relies of effective use of regu-
larised non-linear optimisation. It is known that a non-linear iter-
ative techniques, such as Newton’s method [22,23], can give access
to accurate estimation of spectral parameters. However, such a
technique typically requires substantial a priori knowledge, in the
form of an initial parameter estimate, in order to function effec-
tively, especially when a large number of signal components are
under consideration. In this regard, an initial guess is generated
using the Information-Theoretic Matrix Pencil Method (ITMPM),
pioneered by Pines and co-workers [24], based on the MPM of
Hua and Sarkar [11]. Another critical aspect of the method is the
prediction of the number of signal modes (oscillators), as well as
their phase behaviour. This is achieved by an implementation of
a routine that minimises not only the discrepancy between the
data and model, but also the variance of oscillator phases. This
technique is shown to be effective at purging excessive oscillators
from an initial parameter guess, avoiding over-estimation (over-
fitting), and leading to a more reliable and parsimonious represen-
tation of the data. In order to enhance the computational efficiency
of the method, a filtration scheme using virtual echo signals
[25,26] is utilised, enabling estimation of spectral sub-bands with
both fewer oscillators and data points, resulting in drastically
reduced computational cost.

This paper is structured as follows: in Section 2 the theoretical
aspects of the method are discussed in detail; in Section 3 two
examples of its application on NMR data are presented, and finally,
in Section 4, an overview of the NMR-ESPY package and the GUI is out-
lined, presenting its main features.

1.1. Nomenclature

In this text, vectors and matrices are denoted by lower-case
bold letters, v , and upper-case bold letters, M, respectively. Some
of the operators used are as follows:

z� - complex conjugate of a scalar z
zj j - absolute value of z :¼ ffiffiffiffiffiffiffi

z�z
p

bzc - the closest integer to z, satisfying bzc 6 z
dze - the closest integer to z, satisfying dze P z
vT - transpose of v
vy (My) - Hermitian transpose of v (M)
kvk2 - Euclidean (‘2) norm of v :¼ ffiffiffiffiffiffiffiffiffi

vyv
p

v1 � v2 - element-wise (Hadamard) product of v1 and v2

M�1 - inverse of square nonsingular matrix M
Mþ - Moore–Penrose pseudoinverse of M

The following notations are used for sets:

R - the set of real numbers
R>0 - the set of greater than 0 real numbers
C - the set of complex numbers
2

N0 - the set of natural numbers, with 0 included

2. Theory

2.1. Outline of the Problem

In NMR, a discrete 1D time-domain dataset (FID),
y ¼ y0; y1; � � � ; yN�1½ �T 2 CN , is assumed to comprise two main com-
ponents: (i) a non-random, modellable contribution
x hð Þ ¼ x0; x1; � � � ; xN�1½ �T, dependent on the free parameter vector
h, which can be defined as a sum of M damped complex exponen-
tials (modes), and (ii) a random noise component

w ¼ w0;w1; � � � ;wN�1½ �T, generally considered to be white, Gaussian
noise.

y ¼ x hð Þ þw; ð1aÞ

xn hð Þ ¼
XM
m¼1

am exp i/mð Þ exp 2pif m � gmð Þsn½ �; ð1bÞ

h ¼ a1; � � � ; aM;/1; � � � ;/M; f 1; � � � ; f M;g1; � � � ;gM½ �T; ð1cÞ
with n 2 0;1; � � � ;N � 1f g. am :¼ hm 2 R>0, /m :¼ hmþM 2 �p;pð �,
f m :¼ hmþ2M 2 �f sw=2þ f off ; f sw=2þ f off½ � and gm :¼ hmþ3M 2 R>0

denote the amplitude, phase, frequency and damping factor of oscil-
lator m, respectively. f sw is the spectral width (the inverse of the
dwell time, Dt), and f off is the transmitter frequency offset. sn is
the (nþ 1)th time step at which the data was sampled. For
uniformly-sampled data (the focus of this paper), sn is equivalent
to nDt.

In more succinct notation, the model expression for the FID is
given by

xn ¼
XM
m¼1

amznm; ð2Þ

where am and zm are the complex amplitude and the signal pole of the
mth signal component, respectively, and can be written as

am ¼ am exp i/mð Þ; ð3aÞ
zm ¼ exp 2pif m � gmð ÞDt½ �; ð3bÞ
8m 2 1;2; � � � ;Mf g. The full model vector x may therefore be
expressed in a vector and matrix form as x ¼ Za, where Z 2 CN�M

is a Vandermonde matrix containing the signal poles, and a 2 CM

is a vector containing the complex amplitudes. s

x0
x1

..

.

xN�1

0BBBB@
1CCCCA ¼

1 1 � � � 1
z1 z2 � � � zM

..

. ..
. . .

. ..
.

zN�1
1 zN�1

2 � � � zN�1
M

0BBBB@
1CCCCA

a1

a2

..

.

aM

0BBBB@
1CCCCA: ð4Þ

The noise elements wn are assumed to be complex and have inde-
pendent real and imaginary components, with
Re wnð Þ; Im wnð Þ � N 0;r2

� �) wn � CN 0;2r2
� �

. The probability
density function (pdf) for an individual noise component is

p wnð Þ ¼ 1
2pr2 exp � wnj j2

2r2

 !
: ð5Þ

As the noise elements are independent and identically distributed
(iid), the joint pdf describing the noise vector w is given by the pro-
duct of all of its constituents’ pdfs:

p wð Þ ¼
YN�1

n¼0

1
2pr2 exp � wnj j2

2r2

� �
¼ 1

2pr2ð ÞN exp � wk k22
2r2

� �
:

ð6Þ
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Since the noise vector is simply the difference between the data and
the model vectors (Eq. (1a)), the likelihood function L h j yð Þ is

L h j yð Þ ¼ 1

2pr2ð ÞN
exp � 1

2r2 y � x hð Þk k22
� �

; ð7Þ

and log-likelihood ‘ :¼ ln Lð Þ is therefore

‘ h j yð Þ ¼ �N ln 2pr2� �� 1
2r2 y � x hð Þk k22: ð8Þ

As the application of the natural logarithm is a monotonic transfor-
mation, Eq. (8) implies that an optimal parameter estimation of the
model can be obtained by choosing a vector ĥ that minimises

y � x hð Þk k22:
ĥ ¼ arg min

h2R4M
� ‘ h j yð Þ 	 arg min

h2R4M
y � x hð Þk k22: ð9Þ

To solve such a problem, a non-linear programming (NLP) rou-
tine, e.g. Newton’s method, seems an ideal choice. However, iter-
ative procedures of this type typically require a reasonably good
initial guess h 0ð Þ in order to achieve a guaranteed convergence to
a local minimum of the cost function, which is especially perti-
nent when dealing with high-dimensional problems [7]. Another
important issue is that the number of oscillators, M, which dic-
tates the dimension of h, is generally unknown. While one solu-
tion to this issue may be to apply FT to y and inspect the
number of visible peaks in the frequency-domain data, it is unli-
kely to be feasible for complicated spectra featuring heavily over-
lapping resonances, covering a high dynamic range, and with low
SNR. These cases are where spectral estimation is most desirable.
Consequently, before using Newton’s method to estimate ĥ, it is
necessary to produce an initial estimate which, ideally, requires
no a priori knowledge about the FID. Application of one of the
numerous eigenanalysis methods mentioned in the introduction
is an attractive means of achieving this. In this work, we have
opted to generate h 0ð Þ using the ITMPM [24], discussed in Sec-
tion 2.2, which combines detection theory [27] with estimation
theory [11].

Remark 1. In this work, all FIDs under consideration were
normalised prior to any manipulation or estimation. As such, a
data-set y, is actually y=kyk2.
2.2. Generating an Initial Guess Using the ITMPM

The concept of model order selection is based on Ockham’s
razor; the best signal model is the one with the fewest necessary
independent parameters. If the predicted model order M is too
small, information present in the data will not be extracted. Con-
versely, if M is excessive, unwanted effects, such as the modelling
of individual resonances by multiple oscillators, and incorporation
of noise components in the model (i.e. overfitting) will occur.

The conventional route to model order selection involves con-
sideration of the log-likelihood, ‘ h j yð Þ. It was shown by Wax
and Kailath [27] that ‘ h j yð Þ can be represented as

‘ h j yð Þ ¼ ln

YL
r¼kþ1

k1= L�kð Þ
r

1
L�k

XL
r¼kþ1

kr

0BBBB@
1CCCCA

L�kð ÞN

; ð10Þ

where kr is the rth largest eigenvalue of the sample covariance
matrix. These eigenvalues relate directly to the singular values rr

of the Hankel matrix Y
3

Y ¼

y0 y1 � � � yL
y1 y2 � � � yLþ1

..

. ..
. . .

. ..
.

yN�L�1 yN�L � � � yN�1

0BBBB@
1CCCCA: ð11Þ

L is commonly referred to as the pencil parameter, which can be
seen to dictate the number of rows and columns Y is composed of.
It was subsequently shown that ‘ h j yð Þ in Eq. (10) can be combined
with a penalising function, P kð Þ, to form a cost function C kð Þ,
C kð Þ ¼ c‘ h j yð Þ þP kð Þ; ð12Þ
where c is a constant. The model order can be predicted via minimi-
sation of C kð Þ. Two of the most well-known criteria for model order
selection are the Akaike Information Criterion (AIC) [28] and the
Minimum Description Length (MDL) [29,30]:

AIC kð Þ ¼ �2‘ h j yð Þ þ 2k 2L� kð Þ; ð13aÞ

MDL kð Þ ¼ �‘ h j yð Þ þ 1
2
k 2L� kð Þ lnN; ð13bÞ

8k 2 0;1; � � � ; L� 1f g. Beyond the AIC and MDL, there are other ways
to estimate model order, including the Maximum a posteriori (MAP)
probability [31], and Penalising Adaptively the Likelihood (PAL)
[32]. For our purposes, the MDL has been employed, such that the
model order M is estimated by solving

M ¼ arg min
k

MDL kð Þ: ð14Þ

The Matrix Pencil Method (MPM) is an SVD-based technique for
extracting the signal poles contained within a signal. In brief, given
an estimated number of oscillators M, one may generate an low-
rank approximation of the signal matrix Y using its M most signif-
icant singular vectors and values:eY ¼ eU eR eV y; ð15aÞeU ¼ u1 u2 � � � uM½ �; ð15bÞeV ¼ v1 v2 � � � vM½ �; ð15cÞeR ¼ diag r1;r2; � � � ;rMð Þ; ð15dÞ

where um 2 CN�L and vm 2 CLþ1 correspond to the left and right
singular vectors associated with the mth largest singular value rm.
The signal poles zMP

m

	 

;m 2 1;2; � � � ;Mf g are then determined via

computation of the eigenvalues of the matrix eVþ
1
eV 2, witheV 1 ¼ v1 v2 � � � vM�1½ � and eV 2 ¼ v2 v3 � � � vM½ � obtained

via removal of the first/last column of eV , respectively. For a more
detailed review of the principles underpinning the MPM, see Sec-
tion B in the Supplementary Information, and references [11,24].

Once the poles have been estimated using the MPM, due to their
linear dependence, the complex amplitudes aMP

m , can be derived by
solving the linear least-squares problem

aMP ¼ arg min
a2CM

ZMPa� y
��� ���2

2
;

) aMP ¼ ZMP
� �þ

y;
ð16Þ

where according to Eq. (4)

aMP ¼ aMP
1 aMP

2 � � � aMP
M

� 
T
; ð17aÞ

ZMP ¼

1 1 � � � 1
zMP
1 zMP

2 � � � zMP
M

..

. ..
. . .

. ..
.

zMP
1

� �N�1 zMP
2

� �N�1 � � � zMP
M

� �N�1

0BBB@
1CCCA: ð17bÞ

The amplitudes, phases, frequencies, and damping factors corre-
sponding to each oscillator, which make up the free parameters of
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the vector hMP 2 R4M are then determined using the following
relations:

hMP
m 	 aMP

m ¼ yk k2 aMP
m

�� ��; ð18aÞ

hMP
mþM 	 /MP

m ¼ arctan
Im aMP

m

� �
Re aMP

m

� � !
; ð18bÞ

hMP
mþ2M 	 fMP

m ¼ f sw
2p

Im ln zMP
m

� �þ f off ; ð18cÞ
hMP
mþ3M 	 gMP

m ¼ �f swRe ln zMP
m

� �
; ð18dÞ

Note that the presence of yk k2 in Eq. (18a) reflects the fact that the
data is normalised for analysis (see Remark 1).

Notable downsides of the MPM include the computational cost,
and memory requirements. The accuracy and resolution of the
MPM is reliant on the value of the pencil parameter L, the most
effective value being N=2b c. However, larger values of L and N dras-

tically increase the cost of computing the SVD of eY , with complex-

ity O min N � Lð Þ2L; N � Lð ÞL2
� �� �

. NMR FIDs often comprise 16k

(214) or more data points, and for these signals - assuming that
the computer used has the memory capacity to perform the SVD
in the first place - the amount of time to generate the signal poles
can make the MPM an unattractive method. There has been recent
work in the pursuit of improving the efficiency of the MPM using
localised alternatives [33]. For our purposes, we only desire an ini-
tial guess for non-linear programming. As such, with large speed-
ups, hMP is produced using a sub-optimal pencil parameter
( N=3b c has been used in all work presented in this paper). Often,
if appropriate, it is also possible to analyse a truncated signal with
minimal loss of estimation accuracy, further reducing the compu-
tational burden.

2.3. Nonlinear Programming Using Newton’s Method

Having obtained an initial estimate of the spectral parameters
using model order selection and the MPM, we next employ a non-
linear programming methodology. As discussed in Section 2.1, a
common approach to estimate the optimal parameter vector ĥ

which reproduces y is to minimise the fidelity

F hð Þ : CN � R4M ! R with F hð Þ ¼ y � x hð Þk k22, With Newton’s
method, one approximates the fidelity as quadratic about the cur-
rent iterate, h kð Þ (k 2 N0):

F hð Þ 
 F h kð Þ
� �

þ hTrF h kð Þ
� �

þ 1
2
hTr2F h kð Þ

� �
h; ð19Þ

where h ¼ h� h kð Þ, rF h kð Þ
� �

2 R4M is the gradient of F, and

r2F h kð Þ
� �

2 R4M�4M is its Hessian, elements of which are

rF½ �i ¼ �2Re y � xð Þy @x
@hi

� �
; ð20aÞ

r2F
h i

ij
¼ �2Re y � xð Þy @2x

@hi@hj
� @xy

@hi

@x
@hj

" #
; ð20bÞ

where hi (hj) is the ith (jth) element of h, with i; j 2 1;2; � � � ;4Mf g.
Due to the independent nature of the oscillators, all first derivatives
of the model vector x can be written using 4 general expressions,
and all non-zero model vector second derivatives can be written
using 10 general expressions (Section C in the Supplementary Infor-
mation). The general principle of Newton’s method is that the suc-
ceeding iterate h kþ1ð Þ is determined to be the minimum of the
quadratic approximation, such that
4

h kþ1ð Þ ¼ h kð Þ � s kð Þp kð Þ; ð21aÞ
p kð Þ ¼ r2F h kð Þ

� �h i�1rF h kð Þ
� �

; ð21bÞ

where s kð Þ is the step length, and p kð Þ is the Newton direction. It
should be noted that in practice there are numerous algorithmic
variants that exploit this concept, which differ in their details
[22,23]. The process of determining improved estimates is repeated
until a convergence criterion are met, typically involving consider-

ation of the gradient norm rF h kð Þ
� ���� ���

2
with the final result ĥ being

the parameter estimate. The vector of the standard error of the esti-

mation, SE ĥ
� �

2 R4M , can be calculated using the expression

SE ĥ
� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ĥ
� �

diag r2F ĥ
� �h i�1

� �
N � 1

vuuut
; ð22Þ

a derivation of which is presented in Section D in the Supplemen-
tary Information.

2.4. Invoking Ockham’s Razor: Minimisation of Phase Variance

Although Newton’s method can return a parameter estimate ĥ

that results in a highly accurate reconstruction of the original
NMR data, the apparent goodness of fit can hide a subtle but
serious problem: over-estimation of the model order, i.e. the
number of oscillators. One upshot of this is that a single reso-
nance in the data may be modelled using several oscillators with
similar frequencies but spurious phases, which significantly
degrades the meaningfulness of the estimation, as desired prop-
erties such as peak integrals and chemical shifts become poorly
defined.

To overcome this problem, a modified fidelity, F/, is utilised in
which the estimation accuracy is not only quantified in terms of
the discrepancy between the data and model, but simultaneously
in terms of the variance of phases.

F/ hð Þ ¼ y � x hð Þk k22 þ
1
p
Var /ð Þ; ð23aÞ

Var /ð Þ ¼ 1
M

XM
m¼1

/m � l/

� �2
: ð23bÞ

where / :¼ hMþ1; hMþ2; � � � ; h2M½ �T ¼ /1;/2; � � � ;/M½ �T, and l/ is the
mean of the elements in /. The first and second partial derivatives
of the phase variance are given in Section C.2 in the Supplementary
Information.

Remark 2. It should be noted that if the data is not normalised
during the optimisation routine, as data acquired on NMR
spectrometers typically spans many orders of magnitude, the
phase variance would have a negligible impact on F/.
Minimisation of F/ is obtained using an unconstrained NLP
procedure (i.e. h is not subjected to any restrictions). Of course, it
is not physically reasonable for the parameters to acquire any
value within R (the restrictions on the parameters are stated in
2.1). Therefore, as the optimisation proceeds, if any oscillator
within h acquires a negative amplitude, it is purged from the
model. We demonstrate in Section 3 that this technique can be
effective at removing excessive oscillators, leading to a more parsi-
monious representation of the data.
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2.5. Estimation of a Specified Spectral Region

The bottleneck of this NLP routine is the computation of the
Hessian matrix, which scaled quadratically with the number of
model oscillators and linearly with the number of points (see Sec-
tion 2.6). As such, the number of oscillators that feature in the
model will have a significant impact on estimation time. A drastic
reduction in computation time can be realised when only a partic-
ular region of a spectrum is of interest, by application of band-pass
frequency-filtration (Fig. 1), as this will reduce the model order M.
Fig. 1. a) A virtual echo generated from an FID comprising N points. The conjugate
symmetry of the signal is illustrated by the zoomed-in region in the middle of the
signal. b) The Fourier transform of the virtual echo leads to a spectrum with zero
imaginary component. This is filtered via application of a super-Gaussian filter with
the addition of synthetic noise. c) The filtered frequency-domain data is the
transferred back to the time domain, generating a filtered virtual echo, of which, the
first N � 1 points are considered in estimation.

5

The initial step in the filtration process is to construct a virtual
echo [25,26] yve 2 C2N�1 from y:

yve ¼ y0 þ y�0
� �

=2; y1; � � � ; yN�1; y
�
N�1; y

�
N�2; � � � ; y�1

� 
T
: ð23cÞ

yve can be considered as the concatenation of the following two
vectors:

(i) y, with the only real component of the first point retained.
(ii) z 2 CN�1, with elements defined by

zn ¼ y�N�1�n 8n 2 0;1; � � � ;N � 2f g

The Fourier transform of conjugate symmetric yve generates a spec-
trum sve with zeros for the imaginary component. Phasing sve such
that its real part comprises absorption Lorentzian peaks produces a
frequency-domain signal with no dispersion contribution, a prop-
erty that is desirable as it minimises the frequency-span required
to adequately select a particular resonance. The frequency sub-
space of interest is then selected by the application of a band-
pass filter, for example, using an appropriate super-Gaussian func-
tion g

gn ¼ exp �2pþ1 n� c
b

� �p� �
; n 2 0;1; � � � ;2N � 2f g; ð23dÞ

where b is the number of points the filter spans (its bandwidth), and
c is the index of the centre of the filter. A value of p ¼ 40 was used
for all the analysis presented here, and for the example filter pre-
sented in Fig. 1.b), which provides a smooth transition at the cut-
off frequencies, and a constant amplitude throughout the selected
region. Since the super-Gaussian filter will turn regions outside
the specified window to 0, and thus remove any noise associated
with those regions, any attempt at model order selection will result
in a significant over-estimation of M. Therefore, a vector of syn-
thetic noisew, with elementswn � N 0;r2

n

� �
is added to the filtered

spectrum, where the associated variance at a particular point n is
dependent on the amplitude of the super-Gaussian at that point,
i.e. r2

n ¼ 1� gnð Þr2, where r2 is the estimated noise variance of
the spectrum, given by the variance of a region in the spectrum
where no discernible peaks reside.

Inverse Fourier Transformation (IFT) of the filtered spectral data
leads to the formation of another virtual echo, eyve, where the tilde
denotes filtering. This is finally sliced, with only the first N � 1
points retained, creating a frequency filtered signal ey:
ey ¼ eyve 0 : N � 1½ �; ð23eÞ

where

eyve ¼ IFT FT/ yvef g � g þw
n o

: ð23fÞ

a : b½ � is a slicing notation, indicating that values starting at index a
and ending at index b� 1 are retained, and FT/ denotes Fourier
transformation along with phasing.

Application of this frequency filtration leads to a small subset of
the frequency space within which signal information is contained.
Therefore, it is appropriate to truncate the frequency domain signal
prior to IFT (esve;t 2 C<2N�1), by removing spectral regions that are
sufficiently far away from the region of interest, without any loss
of information. To achieve this, a region is defined, centred about
c, with a bandwidth of cb, where c > 1 is a scaling factor. In the
examples presented in this paper, c ¼ 3. See Section E of the Sup-
plementary Information for more details.
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2.6. Hessian Computation Time

To gain insight into the computational cost of generating the
Hessian matrix r2F hð Þ, a series of such calculations were run
for signals with varying numbers of points, N, and oscillators,
M. For each N 2 512l j l 2 1;2; � � � ;16f gf g, synthetic data were
constructed with M 2 4k j k 2 1;2; � � � ;16f gf g using a parameter
vector ĥ 2 R4M . The SNR of each synthetic data-set was set to
20 dB by addition of white Gaussian noise. The parameter vector
ĥ was then used to compute the Hessian matrix for each data-set
and the wall-clock time was recorded. The procedure was
repeated five times for each pair of M and N, to obtain an average
wall-clock time (Fig. 2).

Remark 3. Note that the Hessian matrix needs to be inverted,

which typically has a complexity O 4Mð Þ3
� �

(for algorithms

involving Gaussian elimination at least). However, for this
particular problem, the time to compute the inverse is orders
of magnitude faster than the computation of the Hessian
matrix.
Scheme 1. The structures of the species whose 1H signals are considered in this
text. (a) A simplified representation of cyclosporin A, with only the amino acids
possessing protons of interest denoted. (b) The structure of andrographolide. The
proton environments giving rise to the multiplet patterns considered are coloured,
and match the peaks in Figs. 3 and 4.
Note that the Hessian matrix can be computed in O M2N
� �

time,

i.e. it scales linearly with the number of points in the FID, and
quadratically with the number of modes in the model. This
explains the significant reduction in the computational burden
when the proposed band-pass frequency filtration and signal trun-
cation is used. Less computationally expensive alternatives to the
Newton method, in which an analytic Hessian is required, are
quasi-Newton methods, including BFGS and DFP [22,23], in which
the Hessian matrix is approximated using the cost function and
analytic gradients, albeit at the cost of super-linear instead of
quadratic convergence.

3. Examples

In this section, two examples of the application of the proposed
estimation technique are presented. All results were obtained
using the NMR-ESPY package, on a workstation with an Intel� CoreTM-
i9-10900X CPU @ 3.70 GHz, and 32GiB of RAM. The optimisation
routine used in all cases was scipy.optimize.minimize(), with
the method set to a Trust Region algorithm (‘trust-constr’).
Fig. 2. The dependence of Hessian computation time on the number of data points (N
computation time as a function ofM and N; the variation of computation time as a functio
N, for six distinct values of M.
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Scheme 1 shows a simplified representation of cyclosporin A
and the structure of andrographolide, colour-coded for the protons
giving rise to the estimated resonances.

3.1. Cyclosporin Data

Fig. 3 shows applications of our estimation routine on two
regions of a 1H spectrum of a sample of 50 mM cyclosporin A
) and the number of oscillators (M). From left to right: A heat map indicating the
n ofM, for six distinct values of N; the variation of computation time as a function of
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(a cyclic non-ribosomal peptide comprising 11 amino acids) in
benzene-d6. The two regions selected were 5:540–5:420 ppm and
5:287–5:185 ppm, regions for in which it is common to locate pep-
tide Ha nuclei. The former region contains resonances arising from
two N-methylleucine moieties (MeLeu-6, MeLeu-10), and the latter
contains resonances arising from 2-aminobutyric acid (Abu-2)
[34]. The structures of the three residues of interest are depicted
in Scheme 1a. For both regions studied, an initial guess h 0ð Þ was
generated via model selection using the MDL, followed by the
MPM. h 0ð Þ was then subjected to Newton’s method with the inclu-
sion of a phase variance penalty (Eq. (23b)), producing the final
result ĥ.

It can be seen in Fig. 3a that the MPM has been effective at pro-
ducing parameter estimates which closely represent the data.
However, in both regions considered, there are low-amplitude
oscillators residing close to the boundaries of the region of interest
(1 & 12 and 1 & 11 in the two regions, respectively). It is likely that
these were generated as a side-effect of the super-Gaussian filtra-
tion procedure. As well as this, in the 5:540–5:420 ppm region
result, another spurious low intensity oscillator (6) with a phase
Fig. 3. An illustration of the application of the estimation routine to two regions of a 1H
5.54–5.42ppm and 5.287–5.185 ppm, respectively, are plotted alongside the results fro
penalised Newton method with the result from (a) as the initial guess. Also, the residual
that peaks are colour-coded to match the corresponding proton environments given in
protons of interest, likely from impurities. Green peaks are for oscillators which exist in
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close to p=2 exists. All of the mentioned oscillators were automat-
ically purged during the phase variance-penalised Newtonmethod.
In the 5:287–5:185 ppm region, it can be seen that the MPM was
able to detect two low-amplitude resonances, indicated by y and
�, which have been largely hidden by the intense multiplet arising
from Ha(Abu-2). Despite this, the estimated phases were unex-
pected, given the well-phased nature of the data. The final result
ĥ in Fig. 3b shows a far better agreement with the expected phase
behaviour.

3.2. Andrographolide Data

Fig. 4 shows applications of our estimation routine on three
regions of a 1H spectrum of a sample of 40 mM andrographolide
in DMSO-d6. The three regions feature multiplets from the protons
indicated in Scheme 1b. In similar fashion to the cyclosporin exam-
ples, in all three cases the number of oscillators predicted by the
MDL was greater than the number after application of the phase
variance-penalised Newton method, as a result of purging super-
fluous oscillators, leading to parsimonious estimation results. A full
spectrum of 50 mM cyclosporin A in benzene-d6. Spectra of the regions of interest,
m a) the MPM, with model order selection using the MDL b) the phase variance-
of the data and the summation of all estimated peaks is plotted in each panel. Note
Fig. 1a. Orange peaks denote oscillators in the model which do not come from the
the MPM result, but are purged during .the NLP routine.



Fig. 4. The results of running the estimation routine on three regions of a 1H NMR spectrum of andrographolide. Each oscillator in the final result ĥ is plotted along with the
residual between the sum of oscillators and the data.
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assignment of andrographolide can be found in [35, Page 340]. Par-
tial assignments for multiplet structures of cyclosporin A and
andrographolide studied here are summarised in Section F in the
Supplementary Information. Tables of complete results, including
estimation errors, are presented in Section G in the Supplementary
Information.
4. The NMR-ESPY Package

The NMR-ESPY package processes NMR data via extensive use of
NumPy and SciPy [36,37]. At the time of writing, NMR-ESPY supports
the direct import of data stored in Bruker format. We plan to pro-
vide functionality for data from other NMR manufacturers includ-
ing VARIAN and JEOL, in the future.

The typical workflow for using NMR-ESPY is as follows:

1. Import the data and relevant parameters, such as sweep width
and transmitter offset. Both raw FID data (stored in a fid file for
Bruker systems), and processed data (stored in 1r) are
supported.

2. Optional, but recommended: Generate a frequency filtered sig-
nal corresponding to the user-defined spectral region of
interest.

3. Produce an initial guess using the Matrix Pencil Method. It is
possible to either estimate the number of oscillators using the
MDL, or for the user to specify the number of desired oscillators
manually.

4. Run an NLP routine to generate the final estimation result. The
user can choose whether or not to include the phase variance
penalty in the fidelity, which may or may not be suitable based
on the dataset being analysed.

5. Output the result to various file formats (.txt, .pdf, and .csv

are supported at the time of writing). Figures of the estimation
result can also be generated in an automated fashion.
Fig. 5. An example of a typical script highlighting the basic workflow for utilising
NMR-ESPY.
Remark 4. The estimation routine relies on the assumption that
the time-domain signal analysed possesses oscillators that are
exponentially damped. This translates to Lorentzian line shapes
in the Fourier domain. Whilst processed data that has been zero-
filled and baseline corrected should still produce time-domain sig-
8

nals that are valid under this assumption, certain window func-
tions such as Lorentz-Gaussian and sine bell will render the data
incompatible with the model. Although, in general, in the case of
deviation from Lorentzian lineshape, one can retrieve Lorentzian
lineshapes, for example, via reference deconvolution methods
[38], before the application of the estimation routine.

All these steps are straightforward to carry out, due to a simple-
to-use high-level API which NMR-ESPY provides. As an example of
using NMR-EsPy, the script in Fig. 5 was used to generate the



Fig. 6. A screenshot of the NMR-ESPY GUI on a system with Ubuntu 20.04. The green
region in the plot indicates the region to estimate. The GUI also provides the user a
simple means of phasing the data, and to customise various aspects of the routine
via the ‘Advanced Settings’ button.
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estimation results presented in the right side of Fig. 3. NMR-ESPY also
has a Graphical User Interface (GUI) which can be loaded either by
entering nmrespy into Bruker’s TOPSPIN command prompt, or from a
terminal (Fig. 6). The GUI gives access to all of NMR-ESPY’s features
without the requirement to write a single line of code.

For more information about the NMR-ESPY package, the reader is
referred to:

� The source code, hosted on GitHub at https://github.com/foroo
zandehgroup/NMR-EsPy.

� Sections H (code snippets illustrating how the Matrix Pencil
Method and optimisation routines are implemented) and I
(links to documentation) in the Supplementary Information.

We plan to include various additional features to the package in
the future, including support for two-dimensional data, and wel-
come any bug reports or suggestions for additional features.
5. Conclusions

In the present work, we have introduced a new PYTHON package,

NMR-ESPY, for spectral estimation and optimisation of 1D NMR data,
giving access to the accurate spectral parameters (frequencies,
amplitudes, phases, and damping factors). NMR-ESPY is fully inte-
grated into Bruker’s TopSpin software and has a GUI. We have
demonstrated that the combination of spectral estimation meth-
ods, e.g. Matrix Pencil method with Non-Linear Programming in
the form of Newton’s method with a phase variance-penalised
fidelity can lead to a more reliable and parsimonious representa-
tion of NMR data. We believe NMR-ESPY can significantly facilitate
the process of spectral analysis and bring a major benefit to the
field of NMRwith applications including the study of biomolecules,
metabolomics, complex mixtures, pharmaceuticals, and reaction
monitoring.
9
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